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MAKRO Documentation

Foreword

MAKRO is a large, empirically based macroeconomic model of the Danish economy. The
purpose of the model is to serve as a tool for medium and long-term projections, short and
long-run policy impact assessment, and long-run fiscal policy sustainability measurement. In

addition, the model can incorporate short-term economic forecasts into its projections.

The model is developed by the MAKRO model group at DREAM (Danish Research Institute
for Economic Analysis and Modelling) for use by the Danish Ministry of Finance. The model

code is made freely available, however, and may be used by anyone.

The model parameters, equations, and data as a whole have been selected such that the short
and long-run properties are as empirically and theoretically well-founded as possible. MAKRO
incorporates four types of economic agents: households, firms, the government, and foreign
agents demanding Danish exports. The model is micro-founded and forward-looking, with the
behavior of households and firms supported by a detailed specification of their objective
functions, preferences, technology, and budget sets. The government's behavior follows a set of
exogenous rules as is standard, and the demand for exports is determined by a demand function

that incorporates aspects of different trade models.

MAKRO is a New-Keynesian model, but differs from so-called DSGE models in a few ways.
DSGE models solve for optimal decisions, which are functions of state variables and contain
information pertaining to the model’s stochastic nature. These optimal decision functions are
defined in a neighborhood of the model’s steady state. MAKRO is instead a computational
general equilibrium model that solves for a single path for all its variables. This solution relies
on initial and terminal conditions and reflects all policy changes and variations in exogenous

factors one wishes to study.

MAKRO also differs from other models of its type due to its size. The household side of the
model solves a model of overlapping generations, each with a life cycle of 100 years. The firm
side of the model currently solves for nine different sectors of the economy. It is a nonlinear
model with a large number of endogenous variables, and as a professional planning and
budgeting tool, the model’s variables must correspond precisely to their counterparts in the
data. One of the primary purposes of MAKRO is to characterize the government budget
balance and how it responds to shocks and policy changes. This requires a considerable
disaggregation of the fiscal part of the model as it must be able to evaluate a large number of

tax and transfer interventions as well as specific government consumption changes.
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Introduction

The documentation contained in the subsequent chapters is a description of the model version
2024-December. Although it is written mainly for model users to understand the background of
the computational code, each chapter contains a description of the relevant theoretical part
that a wider audience can understand. The following paragraphs summarize the content of

each chapter.

Households. This chapter lays out the household problem.

Optimizing households solve a dynamic life cycle problem within an overlapping generations
model. They maximize utility by choosing optimal non-durable consumption and savings into
liquid assets, optimal housing, optimal job search effort, and hours worked. Within non-durable
consumption, they also decide on the optimal composition of a consumption bundle. The
consumption /savings decision is dynamic and forward-looking. Households choose the total
amount of liquid non-housing net financial assets. We allocate the total volume of wealth to
different assets in a portfolio composition estimated from the data. The optimal housing
decision is also dynamic and forward-looking and reflects costs of mortgage financing, housing
depreciation and maintenance, and capital gains from house prices. The optimal choice of the
non-durable consumption bundle is a static decision organized in a sequence of
cost-minimization problems. The optimal job search decision is also a dynamic, forward-looking
decision. Bells and whistles are added to the utility function so as to be consistent with
empirical data. We add reference consumption in utility for both durable and non-durable
consumption. More precisely, we add habits in the utility function so as to be consistent with

hump-shaped responses as typically observed in macro-data.

Household members die in our model, leaving bequests associated with warm glow utility when
they die. Bequests received are taken as given by the optimizing agent. The mapping between
bequests given and received at different ages is an allocation matrix estimated from the data,

which enters the model exogenously.

Firms. This chapter details production. Domestic output is produced by private firms and by
the government. The economy has eight private production sectors corresponding to eight
broad classes of goods and services. Firms use capital, labor, and intermediate inputs in each
sector to produce output. Quantities of inputs are combined in a production function to
produce units of output. Capital is subject to a time-to-build constraint of one period which
makes investment decisions forward-looking, and to investment adjustment costs which makes
the optimal decision dynamic. Capital goods can be purchased from multiple supplying sectors
and both domestic and foreign sources. Employment adjustment is also forward-looking and
subject to frictions. Firms incur costs from posting vacancies that are filled with a probability
that is outside the firm's control. The optimal use of intermediate inputs is a static decision,
and, like capital goods, these can also be purchased from multiple supplying sectors and
domestic and foreign sources. Firms are price takers in input markets. Public production differs

DREAM - MAKRO 10
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from its private counterpart and is detailed in the chapter on public production.

Price setting This chapter explains how prices are determined in the economy. The problem
faced by firms is twofold: cost optimization and setting the optimal output price. The previous
chapter deals with cost optimization, while this chapter focuses on setting the optimal output
price. In a perfect competition setting, the optimal output price would equal the unit costs.
However, observed prices are more sluggish than the ones generated by the perfect competition
solution, which leads to the addition of an intermediate layer of price-setting behavior between

the producing firm and the agents demanding the output.

This intermediate layer is modeled as a monopolistic competition problem, which generates
price rigidity. In this setup, all firms within each sector face the same demand elasticity, and
the aggregate price over all firms in a given sector is a CES price index. Price stickiness
originates from quadratic adjustment costs.

Input/output structure. The input/output chapter details the collection of market clearing
conditions, where the demand for intermediate inputs, private consumption, government
consumption, investment, and exports is met by supply from domestic and foreign producers.
The supply side of the 10 structure consists of nine domestic and four import sectors. The
demand side ultimately disaggregates to the same nine sectors, however, demanded goods have
heterogeneous degrees of intermediate aggregation. Intermediate inputs into production have
different compositions for each of the nine production sectors. Consumption is split between 5
private consumption groups and a single type of government consumption. Investments are in
structures, equipment, or inventories, and finally, demand for exports distinguishes between five
different export groups (including tourism exports which are included in the private

consumption groups).

These mappings, for example, between the definition of the five consumption goods demanded
by households and the nine different production sectors, can, on the one hand, be viewed as
demand coming directly from households and into the various production sectors through layers
of nested sub-utility functions. But, on the other hand, they can also be viewed as layers of
zero-profit markets/firms that transform the basic goods into the upper-level goods the agents
demand. This transformation occurs via constant returns to scale “technology”, which

generates the necessary prices.

Finally, at the very bottom of the demand side construction is the decomposition between
domestic production and imports by a constant elasticity of substitution aggregator. At this

level, there is substitutability between domestic and foreign supply in response to price changes.

Exports. Exports are modeled using a reduced form incorporating insights from various trade
models and mirror the determinants of imports generated by MAKRO. The Export demand

equation includes the following:

A measure of the size of the export market.

A price ratio measure of our competitiveness in this market.

DREAM - MAKRO 11
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A measure of domestic output.

Lagged exports.

The price elasticities of export demand in the different exported goods are fundamental
parameters in MAKRO, as in any small open economy model. They are a key source of
concavity in an otherwise largely linear model and allow the model to have a finite solution.
Therefore, significant effort and care have been taken in the econometric estimation of these

parameters. Details of the econometric work are available in additional documentation.

Labor Market. The labor market includes heterogeneous households and firms. Households
make decisions about their labor market participation and working hours, while firms post job
vacancies, and a matching function brings workers and vacancies together. The model includes
bargaining between agents representing workers and firms to set the market wage. The

household side is age-specific, and the firm side is sector-specific.

Structural Levels. This chapter discusses how we calculate structural employment and
output, which are essential for calculating the structural budget balance.

Structural employment is based on a modified labor market framework where we remove
nominal frictions and rigidity stemming from matching frictions. Structural employment is
thereby determined by the structural labor force and the institutional structures of the labor
market. The model can, in general, provide conditional forecasts of the effects of shocks or
policy interventions. However, MAKRO does not unconditionally forecast the structural labor
force or hours worked. Instead, these variables are treated as exogenous inputs based on

demographic projections.

From structural employment, we calculate structural output through a production function that

uses the actual stock of capital but with neutral utilization rates.

Public production. This chapter describes how public sector output, comprised of goods and
services, is provided by the state and consumed domestically. Public production is produced
just as private sector goods in the sense that it uses labor, capital equipment and structures,
and intermediate inputs. The default setting in MAKRO is that all factors of public production
(labor, capital equipment and structures, and intermediate inputs) are exogenous. The quantity
of output produced is endogenous, but only reacts to shocks to the production factors. Most
public services are not traded on any market, and therefore no market prices exist in the data.
The accounting price of public production is instead the average cost of production. Rather
than the production function approach used for private sector production, we use an input
method, where chain indices are used to distinguish between changes in public sector prices and

quantities.

Government. One essential purpose of MAKRO is to determine the government budget
balance and how it responds to shocks and policy changes. The government chapter provides a

breakdown of government revenues and expenditures and how each revenue or expenditure

DREAM - MAKRO 12
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item is modeled. The fiscal sustainability indicator (HBI) summarizes the overall long-run state

of public finances, and we show how it is calculated.

Calibration and Estimation. The document "The empirical basis for MAKRO" describes our
overall empirical strategy. In addition, we publish working papers on the DREAM website with
detailed descriptions of different econometric procedures and empirical results.

Most parameters are calibrated using available data (over 1,500 in the latest version) such that
the model is consistent with the national accounts. Most of these are "level parameters," such
as the scale parameters in CES functions, which ensure that MAKRO hits the right levels for
the data-covered endogenous variables. Most calibrated parameters are determined using a
single static relation/equation. Solving these parameters using data comprises our "static
calibration" procedure, yielding time series of these parameters for the available historical data
period. Other parameters are determined using dynamic relationships such as forward-looking
first-order conditions. These parameters are calibrated in our "dynamic calibration" procedure.
Before performing dynamic calibration, we need to forecast some parameters obtained in static

calibration.

The static calibration process generates historical time series for the different parameters.
These time series can display structural trends, such as a growing service sector, and capture
short-run fluctuations and structural breaks. This information is treated econometrically with
ARIMA models to generate forecasts of parameter values. With these in hand, we can solve the
forward-looking equations to recover the associated parameters.

Finally, some parameters are closely related to short-run fluctuation behavior. These
parameters are estimated by shocking the model and comparing the resulting impulse responses
in artificial data with those obtained from SVAR models and other empirical approaches. This
is a standard methodology in the DSGE literature, which we bring into our CGE framework.

Computational MAKRO

MAKRO is coded in GAMS which is an efficient software for solving large scale systems of

nonlinear equations.

Code organization

The code is organized in modules reflecting the theoretical chapters in this documentation.
Each module can be solved separately but requires inputs from and provides outputs to other

modules.

The code modules are: Consumers and Household Income, Finance and Private production,
Pricing, Input/Output, Exports, Labor market, Structural levels, Public production,

Government, Government expenses and Government revenues, Taxes, and Aggregates.

DREAM - MAKRO 13
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Notation

One problem that arose was that of having a system to name the large number of variables and
parameters in the model. Notation in the documentation is consistent with the code but not
identical. Nearly all objects in the code have long descriptive names that allow for their
identification in a dense computational environment. The code names are mainly in Danish
because the users of this code will be Danish, while in the documentation, the working

language is English, as the model is meant to be understood by a universal audience.

Some simple organizational choices are made for names in the code: quantities have prefix q,
prices have prefix p and nominal values have prefix v. Many variables are recognizable in the
code using common sense: K is associated with capital, L with labor, C with consumption, Y

with output, etc.

In the documentation, most object names are much shorter to ease notation, while Greek
letters are used for parameters following the standard practices of the academic literature. As
an example, a depreciation rate will be labeled \delta in the documentation while having a long
name in the code. One Greek letter pervasive in the documentation is p. This character
typically denotes share parameters which are a part of the widely used CES tree approach in
production and consumption, and in the code the letter u replace it. While in the
documentation, u will be used identically in different chapters without risk of confusion, in the

code, u will have additional characters and indices added to provide identification.

Another aspect of variable name organization is naming the same object at different levels of
aggregation. This can be done by extending the variable name, for example, to aggregate or
consider an age-specific quantity or by using the same name with additional indexing. For
example, a superset s* can contain not just the nine items pertaining to the nine different
production sectors in s, but also different subsets of the elements in the set s, allowing for

various degrees of aggregation without changing the name of a variable.

A critical aspect of the code, and one crucial capability of GAMS is organizing the data using
indices and sets. As the model has many demand and supply side items, identifying such items
occurs through appropriate set description and indexing. For example, an object such as
q[d,s,t] will denote the quantity q demanded by sector d and supplied by sector s at time t.

The most important sets are time (t), which runs from 1965 to 2099; age (a), which runs from
0 to 100, and the non-numerical set, s, which currently has nine values identifying eight private
sectors and one public sector. Additional sets are used to index capital goods, consumption
goods, export goods, and intermediate inputs. Of these, the last three sets (consumption (c),
exports (x), intermediate inputs (r)) are demand-side reorganizations of the nine sector
production set s. The index for capital goods covers equipment, structures, and inventories and

is independent.

DREAM - MAKRO 14
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Households

The problem of the household is to choose optimal amounts of savings and expenditure, and
within the expenditure, choose the different types of goods they consume. A particularly
important good is housing as the model must replicate several important features of the data.
These features include moments at aggregate level and life cycle profiles of housing ownership,
mortgage debt, non-housing wealth, non-housing consumption, and the intertemporal marginal

propensity to consume out of different shocks.

The household problem contains several building blocks and we start by presenting the baseline
case first. Afterwards, we outline in detail how household income is defined, how the financial
portfolio is constructed, how the optimal decomposition of non-housing consumption occurs,

and how bequests are allocated.

Basic definitions

The model is a discrete-time, perfect foresight, overlapping generations model of the life cycle.
The size of the cohort aged a in period t is N, + and is exogenous. The household problem is
to choose an optimal consumption path over the life cycle given its income path. The income
path is endogenous as the household decides also on its participation in the labor market.
However, as labor disutility is separable from other utility, we can treat this choice in isolation
and it is thus discussed in the labor market chapter. Furthermore, consumption of different
non-housing goods is the result of a CES nest optimization sequence which relates to the
input/output structure of the data, detailed in 2.12.

Henceforth we use the following symbols with the associated purposes: 71 will denote an
elasticity, 6 a destruction or depreciation rate, 7 will denote a tax rate, and 3 will be the

household's preference discount factor.

The household problem

Households of age a in period t make consumption and savings decisions to solve the following

Bellman equation!

Va,t(Ba—l,t—laDa—l,t—l): max U(Ca,taDa,t)

a,tvDa,t
+ ﬁvaijlt/ealth (Ba,h Da,t) (21)
+ BWaii,t41 (Bat, Dayt)

s.t.

Ba,t = (]- + Ta,t) Bafl,tfl + Ya,t _pgca,t - f (Da,ta Dafl,tfl)

1 For a = 18. Consumption for children under the age of 18 is assumed to be part of their parents’ consumption.

DREAM - MAKRO 15
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where a = 0,1,2, ..., A indexes age with the index value a = 0 belonging to the first age of life

when children are born and until they become one year old. The letter ¢ indexes time.

In the budget constraint y,; denotes income excluding returns on liquid assets, B, ¢ is the net
stock of liquid assets, p{ is the price of non-housing consumption C, ;, and f(-) is a function
capturing all elements of the budget constraint related to owned housing, (described in detail
in section 2.6). Non-housing consumption, Cj , is split into several different consumption

goods according to a CES tree structure, see Section 2.12.

In the objective function U(-) is instantaneous utility over non-housing consumption, Cj ;, and
housing D, +, both of which have a habit component. This habit is external in the case of
non-housing consumption, and internalized in the case of housing. The object Va‘f[ge“lth(~) is
the function capturing direct utility of wealth, and W,1 ;41(+) is the continuation-value of the
problem. This continuation value contains a probabilistic element in the form of the

age-specific survival probabilities, s, such that W11 441(-) is given by

Wart1,e41 (Ba,t, Dayt) = saVat,t+1 (Bayt, Dagt)
+ (1 - Sa) Vaﬁelq}t+1 (Ba,h D(l,t) (22)

where VB¢4(.) is utility of leaving bequests in the case of not surviving till the next age of life.

Finally, the Bellman problem has household-specific state variables which are the beginning of
period stock of liquid wealth, B,_1+_1, the stock of housing, D,_1.¢—1, and the household
age, a.

Optimization

Savings decision

The first-order condition for savings can be obtained by replacing the non-housing consumption
variable with the budget constraint in the Bellman equation, eq. (2.1), and choosing end of

period stock of assets B, ;. We obtain

Ug t U(;Jrl t+1 aVaM{ealth aVaBteq
— = ﬁ Sa, 1 +FB e Sa, — 4+ (1 - Sa, : 2.3
pg t ( t+1) p§+1 t 8Ba7t ( t) 6Ba7t ( )

where 77, | is the marginal rate of return,

_B a(’f‘t-i-lBa,t)
Ti1 = T 0B,,

Equation (2.3) is a standard Euler equation, wherein the household trades-off current with
future marginal utility of consumption. On the left hand side, the last unit of income used for
current consumption yields 1/p§ units of consumption with marginal utility Uy ;. Optimality

implies this must be identical to what is obtained from alternatively saving this marginal unit of
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income, earning a net marginal return ?tBH, and using it next period for consumption, taking

into account that one may die. This is given by

C
Ua+l,t+1
C
t+1

(1+72,)

weighed by the survival rate s, : and discounted by the factor 5 to match the current marginal
utility. In addition, a surviving household will also derive the utility of the ownership of the
extra wealth. On the other hand, in the chance (1 — s, ;) that a household does not survive, it
obtains the marginal change in bequest utility, 8Vaﬁcq/8Ba,t, measured in the future and

discounted back for mechanical consistency, as in case of death the agent only dies tomorrow
(and therefore after the current savings decision).

Terminal savings condition (last period of life) The household lives up to 100 years of
age. The survival rate is thus zero in the last age, s4+ = 0, but bequests still occur. We obtain

US.. vy
pf N 8BA7t,

which determines assets at the end of life. However, setting the survival rate at zero induces an
abrupt change in behavior at the end of life that distorts the optimal choice due to the
truncation of life. We instead use the following equation where the survival rate is the actual
rate observed at 100 years of age, s4; 7 0, and where we replace the would-be consumption of
101-year-olds with the consumption of next period’s 100-year-olds:

U Ul Vet oV
~ =454, 1478 — +SA¢ . + (1 —s4, =
DY ! ( t+1) p§+1 K 8BA¢ ( ’t) 8BA¢

Housing decision

Housing D, ; is a stock variable. Like the choice of B, +, the choice of housing is a dynamic

forward-looking decision with an associated intertemporal first-order condition. The general

expression for this condition is?

at [ OF oU, Ug of,
a,t a,t d a+1,t+1 a+1,t+1 [ _D a+1,t+1
=U, at—m——— gt _ ZJodltl
pi <8Da,t) T Pin <”+1 9D,
avvl;ealth aVBteq
+B84t—2— + B (1 — 84, = 2.4
,t aDa7t ( t) 8Da7t ( )
with
0 _ 0 +7e11) Bag
t+1 aDa,t
and where the presence of Watit+1 reflects the fact that the housing habit is internalized.

9D
This condition reads: when you sacrifice 1/p$ units of non-durable consumption today and use

the money to buy extra housing, there is an immediate marginal utility loss from reduced

2 Just as in the savings optimal choice, this equation needs to be adjusted in the final age of life.
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consumption. This is the left-hand side of the equation. On the right-hand side, you gain the
direct marginal utility of the durable good, Ug,t, and tomorrow you gain the marginal utility of
non-durable consumption associated with the effect of the additional housing bought today on

tomorrow's income, conditional on surviving. The direct effect of housing on tomorrow'’s

Ofat1,t+1
0Dq,+

choices that change the rate of return on B, which is captured by 73_1, see section 2.10. In the

budget is — . Housing decisions may also affect tomorrow’s budget through portfolio

case of not surviving, you instead gain bequest utility in period ¢ + 1.

Putting the two together

It is useful to combine the two first-order conditions, (2.3) and (2.4), to get an expression for
the user-cost of housing. . Here we merge them by eliminating the marginal utility of
consumption in period t+1, U7 ; ;.. We obtain

Uit ) Ofat 1 Ofatie4 [ Ul 1 s OVa1,t41
— - _ —_ ,t‘
P | 0Day  14+FE, 0Dy 1+78, i’ “ 0D, ,
—D fat1, )
+ﬂ5 aVan[gealth B Tt+1 _ ﬁffl av{x{ealth
T 9D, 1+75, OBa+
B =D Ofa+t1,t Beq |
FB(1 = s04) Vi T~ Tope. V"
— Sat - —

a 8Da’t 1+ T‘E,_l a-Ba,t

This yields the user-cost of housing expression measured at time ¢ such that it is comparable to

the current consumption price:

ucD _ afa,t + 1 afa+1,t+l o Ft[-)‘rl
at aDa)t 1+ FtB-i-l aDa,t 1+ F15B+1

User-cost of D, ¢ measured at time t in nominal units.

This merged equation has an intuitive reading. When the household sacrifices one unit of
current consumption to buy additional housing, it must weigh the direct marginal utility of
housing Uit against the loss of marginal utility of consumption, Ug ;, net of the gain in the
marginal utility of wealth and bequests.

We can also merge the two first-order conditions by eliminating the current marginal utility of
consumption Ug ;. This is useful because, given the assumptions we make regarding utility of
wealth and bequests3, we can also eliminate marginal utility of wealth and bequests from the
resulting condition:

=B
8Ua+1’t+1 o ﬂs pucD 1 + Tt+1 c
- atPat — ¢ Yat+l,t+1
0Da7t pg-‘rl

Uit + ﬂsa,t

Beq Beq Wealth Wealth
. [52% oV, o oV, oV, )
3 Specifically we use that —%t— = ot Jat apg ot =t Jat

BD;,J, = BB.. 9Dy 9Da: =  9Bas aDaﬁt,see section 2.11.
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The intuition here is also clear. An additional unit of housing today yields the corresponding
direct marginal utility of housing (adjusted for habit). This must be identical to the marginal

utility of consumption we could obtain tomorrow if instead of spending the money on housing

. . 1475 . .
we took that amount of money, pgiD, capitalized it 2 1 and used it to eat in case we
? t+1

survive.

Given the behavioral relations of the households, we proceed to various details around age,

death, and the details of the components of consumption and the budget constraint

Children

Our consumer starts life as a teenager. The data reveals income and assets for children below
the optimizing age in the model, which is 18 years.* Fitting the budget constraint of these
children is important, as it allows us to calibrate initial wealth at 18 years of age correctly and

correct for otherwise excessive consumption of the associated parental household.

Rather than modeling children as optimizing agents, we let their consumption be implicit in the
parent’s problem and create an exogenous income transfer variable from parents to children
that will fit the child’'s budget constraint at zero consumption and is just enough to hit the
asset target at age 18. Children are born with zero assets, and for a few ages, they actually
have recorded disposable income, so their budget constraints are given by

Boca<ist = (1 +744) Ba—1.t—1 + Yar + Transferq s
By =0
As we calibrate this equation to the data, we obtain the value of initial assets for agents at the

first optimizing age. Note that for the purpose of this document, the transfer from the parent

to the child is hidden inside the disposable income variable of the parent.

Migration
The population of a given age at a point in time will generally be such that
Na,t = Nafl,tflsafl,tfl + ]a,t - Ea,t

where some agents will have either emigrated, E, ;, or immigrated, I, ;, the country at this

point.

We make the necessary assumptions to ensure that those entering the country have the same
consumption, income, housing, and employment as surviving residents; otherwise, the model
would have an intractable amount of heterogeneity. Those leaving take their assets with them.
As for housing, agents leaving sell their housing stock while agents entering come in with zero

housing, such that the total amount of housing in the country is unchanged by immigration

4 Optimal labor search decisions start at age 16, and this is possible because, by eliminating wealth effects from

the labor decision we make the two problems independent of each other.
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and retains its characteristic of being a good that is not traded across borders.

Detailing the f housing object

The housing the household buys and sells is an aggregate of "bricks" and land. The "bricks"
part of the house is produced mainly with inputs purchased from the construction sector. The
country's entire stock of land is held by households embodied in their housing good. Land
available for the construction of new houses is the land released as a result of housing
depreciation.> An intermediary buys output from the construction sector and other
intermediate inputs, buys land from households released from depreciated housing, packages
these together, and sells the resulting houses back to households. Land is introduced in
MAKRO as a rigid production factor. In reality, land is a somewhat flexible factor, and we

allow for exogenous increases in the aggregate stock.®

We introduce an exogenous supply of rental accommodation, H, including an exogenous rent,
to capture the non-negligible amount of existing public and regulated rental housing. We do
not model the link between the rental market and the owned housing market. Thus, rent

expenses appear only as an exogenous term in the budget constraint of the household.

The costs and returns of housing Owned housing is the overwhelming source of household
debt, and housing finance is a significant fraction of total financial activity. Houses here are
financed with a mortgage with an age-specific fraction of mortgage financing to house value,
Ha,t, as a loan-to-value (LTV) term. The object (i, ¢ is exogenous to the household, but is
modeled so that mortgages only gradually adjust to housing prices.” Therefore, the model
generates quantities for mortgage debt that change via the extensive margin (as the stock of
housing changes) and via movements in prices when the extensive margin is constant. The

detailed modeling of 1 + is discussed in Appendix 2.13.4.

Housing enters the budget constraint via the object f. This object is a cost function which
contains financing, taxation, and maintenance, and deducts revenues from downsizing and from

land sales. We detail the elements of f with extended algebra and proofs in Appendix 2.13.4.

Do—1,4-1) = (1 = ttat) pP Dy
D

+ {(1 + 17 pac11 + 1 o — p% (1-68) - af‘md} PP Do141 (2.5)
t—1

Since f is a cost function we have non-mortgage financing (1 — j,¢), property value taxes 7V’

and maintenance costs x;, and mortgage interest payments """, all with a positive sign.
Carried over un-depreciated housing, and income earned from selling land, are revenues and
therefore appear with a negative sign. Appendix 2.13.3 details the computation of the factor

aFand which defines the revenue from land sales. The partial derivatives of expression (2.5),

5 Only the bricks part of the house dies with depreciation. The corresponding land is sold. The depreciation

rate ¢ is detailed in the appendix, see Appendix 2.13.3.
6  Davis and Heathcote (2006), The Price and Quantity of Residential Land in the United States.
7 Endogenous mortgage ratios require the specification of mortgage contracts and a model of credit.
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which enter the user cost expression and the optimality condition, are now trivial to compute

and are all either exogenous to or taken as given by the household.

Hidden user costs. We incorporate an additional component in the user cost of housing to
reflect the fact that houses have historically provided a higher but more volatile return than
relatively risk free bond rates. As we cannot model stochastic returns while keeping the model
tractable we instead add a risk premium directly (just as we do in the required return of equity).
The term may also capture costs related to asymmetric information risk and other transaction
costs. In our implementation, the risk premium enters as additional discounting of the expected
future value of the house and the expected revenue from land sales. This means that the
household applies a higher discount rate to the uncertain capital gain component of the
housing return, while known obligations such as mortgage payments, property taxes, and
maintenance costs remain discounted at the standard rate. The risk premium does not enter

the budget constraint directly.

D — Ofa.t U Ofarian oo (L=68) pP + o 'py
a,t 8Da7t 1+ FtB—i-l ODW 1+ Fg—l 1+ ?tB-‘rl 4 th—;ik

where (’)f/(’)Da,t collects only the terms in 0f,11,¢+1/0D,,; that do not involve future prices or

land revenues:

P ~
fa+1,t+1 _ {(1 +rﬂ_01rt) Lt +Tt13-/1 +xt+1}ptD
0D, +

8fa,t

= (1= pigs) pP
aDaJﬁ ( M ,t)pt

Expanding and collecting terms, the user cost becomes:

(1 o) g — Tha A+ e+ Faea el (L= 04) pfa + ol pl
a, — — — !
s t 1+7"£~,1 1+TtB+1 1+rtB+1+’(/}tRi|};k

Household Income

Recall from subsection 2.2 that the budget constraint of the household is

Ba,t = Ba—l,t—l + ra,tBa—l,t—l + Ya,t — f (Da,ta Da—l,t—l) - p?ca,t

Wealth B denotes non-housing net financial assets and excludes pension wealth. It includes
ownership of financial stocks and bonds, as well as bank deposits, and subtracts non-mortgage
bank debt.

The income term g, ; in this budget constraint incorporates a large number of taxes and
transfers as well as the exogenous expenditure in rental housing. Before we detail the different

elements inside y, ; it is useful to briefly define the rest of the items in the budget constraint.
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The object f contains all items of the budget constraint that relate to owned housing and
consists of total net expenditure on owned housing. The term pfC, ; denotes all non-housing
consumption expenditure. These consumption prices include taxes. The rate of return on
wealth r, ; is a portfolio rate of return.

Income

The income variable y, ; contains the following elements: wage income?, yZVt net pension
income, yl'Y — yL'¥', expenditure on rental housing, an assortment of income transfers, y<,,

€q

. . . . B R
various taxes not related to housing or pensions, T ,, received bequests, y, . , net income

a,t!

children —and residual items.

flows associated with children, y¢'y

_ w PY PC t G
Yot = Yar+Yar —Yar — B Hap + Yoy
Hh Beq children other
7Ta,t + ya,t + ya,t + ya,t

Of all these different items, only labor market income is endogenous to the household as it
depends on search decisions.

The tax object T}, captures a large number of specific taxes. Income taxes, local taxes,
property taxes, taxes on financial income from stocks, taxes on income from individually held
companies, estate taxes, labor market specific taxes, etc. These taxes are grouped differently
depending on the purpose. For example, property value taxes are removed and included in the
housing term f(-).

Pensions

Pension income enters the disposable income of households as an exogenous income, and
pension wealth satisfies accumulation consistency requirements which are also exogenous to the

household.

MAKRO uses a simplified version of the detailed pension model in DREAM. The payment data
is taken from the pension model from the Ministry of Finance (which builds on DREAM?) and
aggregates into three pension types indexed i € {' Alder’, Kap',’ PensX'}: 1) pensions that
have already been taxed (primarily alderspension, ' Alder’), 2) capital pension (kapitalpension,
'Kap') taxed with a flat rate, and 3) the aggregate of other pensions, taxed when received by

households (ratepensioner, livrentepensioner and ATP, indexed 'PensX').

8  Wage income per person is given by wtpa,tha,tqg,t where w; is the wage per productivity unit, pq.: is

productivity units per hour worked, hq ¢ is hours worked per full time worker and q('it are full time workers per
person. All j household types earn the same income given age. More detail can be found in the labor market
chapter.

9 In DREAM pensions are gender specific. As each generation in MAKRO is a cohort average, we sum pension
contributions paid by men and women into their pension funds, as well as pensions received by men and women.
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2.8.1 Pension Contributions

It is assumed that an exogenous part of wages is paid as contribution to each type (¢) of

pension:

PC _ \PC ZAW
yi,a,t - Ai,a,tya,t

/\fgt is calibrated so the contribution to pension

10

where yg"; is wage income, and the parameter

type ¢ matches the pension data from the Ministry of Finance.

2.8.2 Pension wealth

The pension fund is a zero-profit vehicle with no costs. The three different types of pensions,
indexed by 7, are modeled as three separate actuarially fair pension schemes. So all
contributions and after tax returns must be paid out to the same cohort (or as inheritance to

their relatives).

The law of motion for pension wealth B , in a given pension scheme i is

. N,_14+_

P P P1\ P, 1,t—1 BeqP pPC PY

Bf, .= {(1 +ry 1=7]) B, GN t } {1 — e (1= sa,lft,l)} + Yiat — Yiat
a,

The first term, (1+7 [1—7F]) Bff17t71]\[“]§71’z’1, is the after-tax return on the wealth stock

scaled with population as only the surviving current population shares the stock of wealth!!.

BeqP
i,a,t

does not survive from last period and a share of their pension wealth, «

The second term, 1 — « (1 — sq—1,t—1), adjusts for bequests. The fraction 1 — s4_1 41

BeqP

ey +is paid out to

relatives as bequests and does not stay in the pension fund.

2.8.3 Pension Income

We assume that an exogenous age specific share of the start-of-period pension wealth,

Bfafl’tfl, (plus returns and contributions)!? is paid out and received by households each

PY .

period as pension income y;

No—1,4—1 BeqP
Z/i},DZt = Af:t H (1 + 7"53 [1 - TtP]) Bil,jafl,t714 aN . {1 - 0‘1’,53& (1- Safl,tfl)} + yfft
a,

The parameter )\fi{t is calibrated to match pension income received by households in data
from the Ministry of Finance.

10 /\Eac,;,a,t is the average share of wage income paid to capital pensions.
11 Note that rf is the return net of financial costs.
12 \We define the payout share as a share of start-of-period wealth plus any returns and contributions, such that

setting the payout rate to one means ending the period with zero wealth in the particular pension scheme.
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Composition and returns of pension portfolio

The aggregate pension wealth of pension fund 7, B,ft, is invested in stocks and bonds. We

assume that all pension schemes have the same portfolio and yield the same return.

Assets of a specific type, k, held by the pension fund, Ath , are an exogenous fraction of total
pension wealth:!3
P P P
Ak,t =Wkt By

The return v} is a weighted average of the return on the portfolio elements:

P P
Ty = E Tkt Wkt
k

Bequests

Warm glow utility from bequests allows the model to replicate the large amounts of wealth held

at the late ages of the life cycle.

Death

Death occurs before any decisions are taken. One way to think of the timing is as follows. At
the beginning of period ¢ agents wake up or have died. In either case, the agent receives the
financial income associated with their start-of-period net wealth. The assets of dead agents are
distributed amongst their heirs as an exogenous income transfer. Finally, agents that are still
alive receive other income and consume and save in period t, including out of bequests received.

Bequests received, liquidating housing, and bequests in utility

All agents leave and receive bequests. In the event of death houses are sold and mortgages are
liquidated so that bequests received will consist of liquid assets plus the liquid value of the
equity on the house after liquidation. Given the exogenous mortgage ratio relationship the

equity that is transformed into liquid assets next period is

(1- Na,t)ptDHDw

where [, ; is the mortgage ratio taken from the data and detailed below. This is then taxed
and the resulting net value received by the multiple heirs. From an accounting perspective,
bequests given and received must add up to the same amount, before taxes. The mapping
from bequests given to bequests received is done with an allocation agexage matrix M;
estimated using administrative data similarly to Boserup, Kopczuk, and Kreiner (2016) and
detailed in Appendix 2.13.1.

13 Assets are indexed by k € {bonds, domestic equities, foreign equities} and B = > Bft.

DREAM - MAKRO 24



2.10

MAKRO Documentation
Households

Bequests affect not only the budget constraint, but also preferences via foq, which will be

further explained in the section detailing all preference features.

Household financial portfolio
The budget constraint of a household is

But=1474t)Ba—1,4-1+ Yart — P{Cat — [ (Dayt, Da—1,4-1)

The model endogenously determines the net financial variable B. In the data this quantity is
made up of the sum of different assets (domestic equities, cash and bank deposits, foreign
equities, bonds), indexed below by i, minus the sum of liabilities (bank debt), for generality
indexed below by [, so that B =", A4; — >, L;.

We model this decomposition into assets and liabilities as functions of net non-mortgage

financial assets B and housing D as well as an age-dependent intercept term I:

Aiar = L,Y,P +NPBoy + A\PpP Doy

Liat=1..Y2 +M\PBay + \PpP Doy

To preserve homogeneity, the intercept term is scaled with a slow-moving measure of average
household income Y,Z. Housing enters with the same gradually adjusting housing price, p°,
that is used for the purpose of the mortgage loan-to-value fraction.

The marginal changes in the portfolio from a change in either B or D are independent of age
and household type. All households therefore face the same marginal rates of return on net

savings:

0
= 9B., {(T+7441) Bas}

a7
B B
=1 + Zri,t"rl)\i — Zrlyt_i_l/\l
% l

and additional housing affects the portfolio in the same way:

_ 0
i = 9D, {(1+7i41) Bas}
=Py (Z i A = Tl,t+1/\lD>
i I

Appendix 2.13.2 covers the estimation of the household portfolio model and goes into more
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detail about the motivation behind the modeling decisions. There may be theoretical reasons
to think portfolio composition should vary over the life cycle. If the data contains such
heterogeneity, the estimated parameters will reflect that by having different values for different
assets. In addition, the estimated portfolio is an optimal portfolio given the underlying
assumption is that agents made optimal decisions that resulted in the portfolios we observe in
the data.

Utility
Utility of consumption and housing
The main utility flow U is a CRRA object over a CES consumption composite U

U (CorsDut) = 1 (O]

The function U, ; is

1 2t 5 s
Oy = [(Ucc”)E (éa,t) T (Uit)f (Da,t) = }

d

where F is the substitution elasticity between housing and non-housing, and v¢, v® are utility

weights on the two. The contemporaneous derivatives are

¢ _ OUas
a,t — 8C~,a7t

~ 1
Ul = U, + _ {0 ]_" Ug,t at )
“t aDa,t ot Dat

Finally, non-housing consumption is itself a CES nest over a range of consumption goods, see
subsection 2.12.
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Habit formation and reference consumption

Recent evidence on inter-temporal consumption behavior shows that following a one-time
transfer, consumption rises for several periods with a mean on-impact yearly marginal
propensity to consume (MPC) of roughly 50 percent, see Fagereng et. al. 2021. This is
inconsistent with the typical business cycle models; the standard way to match high on-impact
MPC’s has been to combine a share of Ricardian agents with a share of “hand-to-mouth”
(HtM) agents who consume all income in every period (e.g. Bilbiie 2008). This, however, only
generates high on-impact marginal propensities to consume but no effects in the following
periods (as the Ricardian agents have close to zero MPC's for transitory shocks), and is thus

contrary to empirical evidence showing significant year ¢ + 1 effects. Recent business cycle
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literature has solved this by introducing microeconomic stochasticity and incomplete markets
(Heterogeneous-Agent New-Keynesian, HANK, models), in which agents close to but not at
their borrowing constraint will have high MPC's and smooth consumption.!* Here, we
implement a solution that does not rely on stochasticity.!®> In particular, we combine a
representative agent model with consumption habits, as is typical in the Dynamic Stochastic
General Equilibrium (DSGE) literature, with a share of reference consumption that tracks
(liquid) income, and therefore generates a high on-impact MPC while also generating
persistence (year ¢t + 1 effects) due to habits. The idea of including income as a term in
reference consumption was first presented in Carroll et al. (2023). We refer to this component
as HtM consumption. The resulting high MPC behavior can be interpreted in various ways. For
example, high on-impact spending of a transitory income shock is typically explained by
liquidity constraints in the two-agent New-Keynesian literature (TANK), e.g., models with
hand-to-mouth consumers and the HANK literature. A different contender for high first-period
excess spending that does not rely on liquidity constraints is durable (non-housing) purchases.
Durables have layouts that are more front-loaded due to the long-lasting consumption flow of
the stock cf. Laibson et al. (2022).

We re-write utility as

where C‘a’t denotes consumption net of a reference quantity:

é o Ca,t CCafl,tfl YHtM,a,t
a,t — C - X C -7 PC
a,t a—1,t—1 t

where x“denotes the (external) reference share of consumption and 7 is the reference share on

income with Yhem,q,+ being a liquid income term defined as

YKC,a,t = Ya,t (26)
— capital pensions — age pension

— inheritance adjustment

We assume that households do not have high marginal propensities to consume out of age

pension, capital pension and an inheritance adjustment term®®

14 In order to get enough initial period impact the literature contains different approaches such as two assets
(Kaplan et al., 2018), discount factor heterogeneity (e.g. Hagedorn et al. 2019), or a generalized habit (Carroll
et al. (2023)).

15 Note that it is possible to solve a particular class of HANK models without numerical stochasticity by assuming
zero-liquidity (zero savings), see e.g. Bilbiie 2020. This is not possible in our case, since we want to match the
model to the rich features of wealth in data. Also note that a recent strand of literature obtains empirically
realistic inter-temporal MPC'’s, see e.g. Angeletos et al. (2024), by building on a perpetual youth OLG model
alla Blanchard (1985) with very high probabilities of death.

16 These pensions are regularly payed out in large lump sums, which would imply unrealistic jumps in consumption.
The inheritance adjustment term is a term to make up for the fact that when households die in a cohort, the
dying households are typically poorer than the average household. Such re-distributive transfers would also induce
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The weight, (, ¢, depends on the number of children in the household

1 .
Ca,t =14+ 5,',ch:bljltldren

The reference quantity C—; ¢+—1 is viewed as the average of the cohort in the previous period,
rather than the individual household’s own previous decisions. In this way it is exogenous to the

household.

We do the same for housing by considering the following object inside utility

D Da,t DDa—l,t—l YHtM, a,t

= Y
‘ Cat Ca—1,t—1 Pf

Note that (4, can be eliminated by redefining utility weights v5 , , and v}{a,t to include the
effect of children implicitly (and slightly modifying the coefficients x¢ and x”). We include
the explicit adjustment for the number of children as this number is also forecast explicitly,
whereas vg,t and vg, =1-— vg’t are calibrated to match the level of consumption in the data.

Housing habits are internal so the household takes them into account in optimization. See

Dennis (2009) for a comparison of internal and external habits.

The contemporaneous derivatives with habits and household size are

1

8Ua t 86’,1 t ~ -n Ug tUa t z 1
Uc — ) LL— Ua 2 2 -
ot 0C,q1 0Ca { ’t} < Cat Ca,t

and
1

Ud _ aUa,t aba,t _ [U :|—77 Ug,tﬁa’t K L
ot 8Da,t aDa,t ot Da,t C‘l:t

Utility of Bequests

Bequests do not just enter the budget constraint. They are a key object in preferences. The
bequest utility of the dying agent is

[ Beq:| I=n
B B at
V= e (2.7)

where we define the interior object, XBea, as

B
X7 =

a,t

1 Beq Ba,t +p? (1 — Ma,t) Da,t + ValifensionB .
~ Tt _¢

C
Pia1

and the utility associated with bequests is scaled with fffq A7 1t is important to note that, as
this is a utility construction, there is a degree of freedom in the definition of the object XZ¢4.

unrealistic jumps in consumption if included in the Keynesian consumption income term.
17 In these functions we generally allow for an interior parameter £0 to avoid negative objects rendering the model
unsolvable. This parameter has a default value of zero.
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Here we attach value to the sum of assets, rather than, for example, attaching a separate
special value to the house, although both formulations are feasible.!® Using the sum of assets
inside X €7 implies all assets have the same marginal utility of bequest motive. Finally, note
that we value the house inside XZ¢? at the current price pP. The derivatives of (2.7) are

Be
) o) e e [XBE‘Z] - (1 - Tt+1q)
- Sa,t a,t

8Ba,t aXffq aBa,t p§+1
and
Vo VST aXTE oV P )
ODai  9XP ODay — OBay ﬁ,_t,
api’ft

Utility of Wealth

Similarly to the bequest function, the utility of wealth is

[ Veralth] 1-n
Vaif[{ealth — (II/E/tealth avi — (28)

where the elasticity 7 is the same as in the utility and bequest functions. We define the interior
Object, XWealth’ as
sweaitn _ Bae +9 (1— pae) Dae + V™" £
t =
' PPy

with the difference relative to bequests being the absence of the inheritance tax and the

composition of the pension entitlement.

Note that we do not account for transaction costs incurred in liquidating or trading houses (or

other assets) in our utility objects, X V;«*!*" or Xffq.

The pension entitlements inside bequest utility and wealth utility differ. Regarding bequest
utility, some pension plans cease at death. In contrast, others contain an insurance element
and continue to pay descendants. Vaﬁe”s""’"B is the amount from pensions paid to descendants
in case of death. Regarding utility from wealth, once households reach a certain age, they can
freely choose the payout schedule from 'Kapitalpension' and 'aldersopsparing’. Many choose to
withdraw at the latest possible date, 20 years after retirement, when the whole amount is paid
out at once. Therefore the object V""" differs from the pension object inside bequest

utility.

Disutility of house price changes.

To better account for house price momentum (positive autocorrelation in price changes), we

introduce a disutility of house price changes that captures various factors affecting buyers’ and

18 i, Liu, Yang, and Yao (2016) have a CES function of housing and other assets as bequest utility. Kaplan,
Mitman and Violante (2017) do as here.
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sellers’ decisions. This price momentum can be micro-founded in various ways following the
literature on house price sensitivity. For example, when selling a house, reference price utility,
as described in Barberis and Xiong (2012), leads households to experience disutility from selling
below the purchase price. Sellers may also be loss-averse in reference pricing, incentivizing
them to hold house prices higher for longer than optimal given actual demand, in order to
avoid the marginal loss discontinuity at the reference point. Additionally, demand concavity, as
observed in Guren (2018), means that if prices fall below a certain threshold, demand does not
increase (since households typically only need one house). Finally, downsizing aversion, due to
financial constraints such as the need for a down-payment on a new house, as described in
Stein (1995), may further discourage sellers from lowering their prices. These effects have been
shown to be important in Danish data on the seller side, as documented in Andersen et al.
(2022). On the other hand, for buyers, recent sale prices and expected profits may serve as
reference points for making purchasing decisions. Bao and Saunders (2021) found, based on
micro-data from the UK housing market, that buyers use these reference points to guide their

purchase behavior. We aim to capture these various incentives in the following way;

d

We temporarily shift the preference for housing, vy 4,

when prices are volatile through the

dampening function ¥

Vae = U (1-07)

with the functional form

UP =2 (P, 107,) - ;22 (I, 11P) (29)
where D D
I 11
=P, 1P ) = pu d<[t1} L ) (2.10)
(I, 102 ) = pp o, i

and IIP = PP /PP, is gross house price inflation. The parameter 1, is a scaling constant.

Differentiating with respect to housing

In the housing first order condition we have the object

OUq 41,441

Ud, + Bsa
,t )t aDa,t

and it is useful to make this expression explicit here. The first element is the contemporaneous

derivative

7 -n aﬁat a[)a t
Ud — |:Ua } Ja, ;
wt ot 3Da,t aDa,t
A
N Da,t @ Ca,t
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while the second is the derivative in period t+1 with respect to current housing

OUq41,t+1 [[7 }*" OUq11,641 ODat1 141
— 141 C—=
aDa,t athit 8Da+1)t+1 aDa,t

E 1

d
XD Va+1,t+1 ~ raal)
— = Uat1,041

Cait | Datt,41

Consumption components

At the top of the household utility function we have two components: owned housing and the
non-housing consumption aggregate. Owned housing is a single good with no sub-components
but non-housing consumption aggregates many elements through a CES tree structure. Note,
however, that rental housing is not an element in the CES tree, but instead it is an exogenous

element in the budget constraint of the household.

The optimal choice of total consumption, savings, and housing, is described above in section
2.2. In this section we detail the determination of the components of total non-housing

consumption, Cy, ;. The first decomposition of this object contains five different components.

¢ € {cars, energy, goods, tourism, services}

Household demand for these five consumption components is a part of total demand for output
from the nine domestic sectors as well as for imported goods, a process described in the

input/output chapter.

Note that services included in the non-housing consumption aggregate does not include
expenses to financial services (from the pension sector). Expenses to financial services are for
example expenses to administration and investment of pension funds. For the consumers these
are costs that reduce their financial returns on these assets. In the national accounts these
costs are used to produce financial services for the households - i.e. consumption of services.
The aggregate consumption of services include these financial services as does aggregate
consumption, but they are not part of the nested consumption excluding housing. It is assumed

that financial services has the same price as other services.

The nested consumption components

These five consumption components come together in the following CES nest structure, where
the uppermost aggregate for an agent aged a at time ¢ is C, ;. To keep the model tractable
and due to data limitations, we assume that all agents have identical preferences for these

goods. We can therefore aggregate individual agent non-housing consumption as

CEGTS
Ct = E Ca,t
a
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We can now detail the CES nest structure using only aggregate consumption:

CtCEGTS
\
Ccars,t CtEGTS
\
C1energy,t CtGTS
\
Cgoods,t C;TS
\
C’tourism,t Cservices,t

2.12.2 CES optimization

The approach of nested CES cost minimization is described in detail in the production chapter.
The problem here is identical, only simpler as there are no extra elements such as technological
progress or variable utilization multiplying consumption quantities. We can summarize the

problem at every level of the consumption tree as follows

Utility = (U= {(ui)i (Cz‘)”%,l + (uj)% (CJ)’,I] "’1
1
Derivative = %%”; _ (Mi (gz)n
1 i i\
Demand/F.0.C. = Ci = piCi (1:7_)
Constraint = PiiCH = piCi 4 piCi
1
CES Price = Pii — {,ui (pi)l—ﬁ ol (pj)l—n} T

Here the p are scale parameters, and the 7 are elasticities. Table 2.1 shows the estimated

elasticities in each of these nests (Kronborg & Kastrup, 2020).
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Upper Tree Elasticities (7)

2.12.3

C and Housing 1
Cars and CECTS  1.04
Energy and C¢T5  0.26
Goods and CT% 0.94

Tourism and services 1.25

Tourism

There are both imports and exports of tourism. Imports of tourism consist of how much Danish
households consume abroad and are given by the demand component Ciourism,: from the tree
above. This is a regular consumption good and its demand increases with income. Exports of
tourism are determined in the exports chapter and its aggregate is Xiourism,t. 1 he consumption
of foreign tourists in Denmark is also divided into consumption groups in the export chapter

and is given by CTpurist,

Total consumption of goods type ¢ in Denmark is the sum of Danish households’ consumption

and tourists’ consumption in Denmark:

CDK DK _ pC CTourist ~Tourist
Pc,t Cc,t - Pc,tOC,t + Pc,t Cc,t

The input/output system is based on deliveries from the 9 production sectors to demand
groups (see input/ouput chapter). The demand groups for consumption include tourists’

consumption, CPK.

Whereas in the model Danes and tourists face the same prices for the same goods, in order to
match the data they cannot face the same price for the same consumption components. We
therefore use an adjustment factor

CTourist __ \pCTourist pC
Pc,t - /\c t Pc,t
where A’gff ourst is a parameter used to fit the data. It is assumed that this price margin
remains constant going forward.

The value of aggregate Danish consumption does not include the consumption of foreign

tourists in Denmark (as these are counted as exports).
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Appendices

In the following appendices the emphasis is on the derivation of parts of the model.

Calculating the bequest allocation matrix

This section follows Boserup, Kopczuk, and Kreiner (2016). Households take bequests received
as exogenous and these enter the budget constraint as an additive term which is “hidden”
inside the income variable. Even if agents receive bequests in the first period of economic life
(age 18), we still have the initial condition for assets that By is taken as given by the agent,

as we exogenize transfers associated with children.

An individual of any given age receives bequests from agents deceased also at any given age.
The distribution of bequests is modeled through a time varying matrix M;(aq4, ay) where the
indices refer respectively to the age of the deceased and to the age of the heir. This allocation
matrix is general in that it encompasses all deaths, not just deaths of parents or grandparents,

and all heirs.2® As an example, children also die and leave assets to their parents and siblings.

When an individual dies in the model, he leaves a bequest. Assume that the individual dies at
age aq. The distribution matrix M;(agq,an), describes the share of his bequest going to an
average ay, year old individual. A given fraction of his wealth which he leaves as bequest is

distributed equally by all agents of age ay,.

The distribution matrix. The matrix M;(aq, ar) is based on estimates of individual
bequests from Danish administrative data. These estimates are obtained using a
difference-in-difference estimator. This measures how the difference in wealth of an individual
of age ayp, whose relative of age ay4 has died, differs from the the difference in wealth of the
average person of age ap. This results in estimates of several specific bequests from a4 year old
individuals to aj year old individuals. Let ¢ be the index for each specific transfer from an aq
year old to an ay, year old. ﬁamah,i’t is then the estimated nominal amount transferred for
each specific transfer. These bequests given by individuals in age group a4 to individuals in age
group ay, are then summed and divided by the total number of a4 and ay, year olds (not just
the ones involved in estimated bequest transfers but all individuals). The result is a data frame
containing the average bequest H,, ., + received by an a; year old from an a4 year old,

regardless of whether a relative has died,

1 ~
Hoyap,t = N. .N E Ha,ap 6,0
ap,ttVagq,t i

All transfers agto ap

19 The sample is larger than in Boserup, Kopczuk, and Kreiner, (2016). Nearly everyone who dies has a son or
daughter, a parent, a nephew or niece, an uncle, etc. Therefore, unaccounted would be only those who die alone
yet have substantial assets to distribute.
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where IV, ; is the number of people of age group z. The age groups range from 0 to 100 and
the time span is from 2000 to 2012.2° The average bequest given/left by an individual from
age group ag is then given by

Had,t = ZHad,ah,,tNah,,t = Nl Z (Z ﬁad,ah,i,t>

aq,t
an & anp

All transfers ag4to all ap,

Due to the sparsity of these matrices, they are averaged over time

1 & 1 &
Hq, = TZHGLM? Hayap, = TZHad,umt
t t

The share of an ag year old's bequests received by an ay year old is then

= Had;ah

Xamah -
H,
d

This share contains a large amount of noise. We therefore conduct a non-parametric
estimation, using a local linear regression with the age of both giver and receiver as dependent
variables and a Gaussian kernel. X, o, is then replaced by the fitted value xq, q, -

Since Xqy,a, is time invariant, Xq,,qa, Na,,+ Will generally not sum to 1. This means that
bequests given will not be the same as bequests received. To prevent this, the shares are

normalized so that we finally obtain the allocation matrix

Xaa,an
M, aq,0p) = —=——""—"
' ( ’ ) Zah XllchahN(l}ut

These have the desired property that

_ Ly XaganNant _

Ml ) Ny = e ot
ap AGd,Gn*" " Ah,

ap

Therefore total bequests given will equal total bequests received.

Consistency. Since people die at the end of a period the total bequest given by a deceased
member of age group ag, consists of his assets at the end of the period, which in the case of
the model are net financial assets B,, ; and housing.?! Here we proceed using only net
financial assets B as an illustration. This means that the average bequest given by a member
of age group aq is (1 — Sq,,t) Ba,+ Where s, + is the survival rate, i.e. the probability of an a4

year old also being alive at age aq + 1. Total bequests given by all age groups at the end of

20 Note that age zero in the data corresponds to index 1 of age in the model.
2L In the data the value of property is included in the wealth difference such that the allocation matrix we use is
consistent with the model.
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time ¢ after all decisions have been taken are then

He = Z (1- sadvt) Bay,tNag,t

aq

Bequests are received in the next period. The average bequest from an a4 year old deceased at
the end of period ¢ — 1 received by an a; year old in period ¢ will therefore be

(1= Say,t—1) Bay,t—1M; (aq, an)

The bequest received by a member of age group a; at time ¢ is then given by

Hgy, = Z (1 —say,t—1) Bay,t—1 My (aq,an) Nay t—1

ad

This in turn results in total bequests received being

ZHah,tNah,t = Z (Z (1 - Sad,t—l) Bad,t—lMt (ada ah) Nad,t—1> Nah,t
ap

ap aq

Xaa,an
_Z <Z Sadatfl) Bad,tfl X:X(ldahjvtNad»t1> Nah»t
ap NAd,Ah

an an,

_2 : } : Xad,ahNamt N
- ( Sad t— 1 ad,t 1 Z ad,t—l
aq t

ap Xadﬁah Gh,

:Z (1 —Sayt-1) Bagt—1Nayt—1 = Hi_1
so that total bequests given last period equal total bequests received this period®?.

2.13.2 Estimating assets and Liabilities as functions of B

The model generates the net financial variable B endogenously. In the data this quantity is
made up of the sum of different assets (stocks, bonds and bank deposits) minus the sum of
liabilities (bank debt), so that in gross term B = A — L. This decomposition of B into assets
and liabilities displays systematic patterns over the life cycle, and here we detail how to capture
these features and use them in our model. We first look at a very simple example to highlight

the approach.

Assets and Liabilities as functions of B The exogenous portfolio composition is estimated
from the data as in the following example with one asset and one liability. This allows us to
take into account that 1) portfolios change with age and 2) portfolios change with the size of

net-savings. Assets A, ; are related to net financial wealth B, ; through the equation

Aa,t = IA + ABa,t

22 The amount actually available as disposable income for the receiver differs from the amount given due to
transaction costs, taxes and interests payments.
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and we have the same for liabilities
La,t = IL + ¢Ba,t

and here the quantities A, ; and B, are cohort averages, and therefore the quantities that

apply to individual households.

Since A, + — Lq+ = B, we must have that our estimated parameters obey I;, = I and

A — ¢ =1. As it turns out these properties are ensured by the mechanics of OLS estimation.
The OLS regressions are A = X34 + €4, and L = X3, + €1, where A and L are column
vectors. Taking the estimator for assets, 34 = (X’X)~1X’A, and using the fact that

A= B+ L, we can write 84 = (X'X)"'X'B + L. Here, since the matrix X has two column

vectors, a column of ones and the vector B, the OLS algebra implies

Ba—fBr=(X'X)"'X'B = (1)
In a regression A = X3 + € the OLS estimator of 3 projected A on the space generated by the
columns of X, containing the vector B. Since A — L = B the sum across equations of
coefficients attached to B must be 1 and the sum of coefficients attached to any other
variables must be 0, because the projection of B on B is exact. These properties extend to the
case where the regressions have explanatory variables so that the matrix X has more columns.

OLS is adequate as the relationships we are estimating are not behavioral. They are instead a
way to capture the patterns observed in the data more accurately than just using averages as
done in e.g. DREAM. For historical data we add the OLS error to the estimated regression so as
to replicate the portfolio data exactly.?®> For forward looking simulation we leave the orthogonal
error (which has mean zero across ages and across assets) out, and use the estimated
parameters, plus endogenous B and any other explanatory variables inside X to generate a
portfolio going forward. Note that the estimation procedure and the exact specification of
these equations are agnostic (given the specification assumed) with respect to the data. There
may be theoretical reasons to think portfolio composition should vary over the life cycle. If the
data contains such heterogeneity, the estimated parameters will reflect that by having different
values for different assets. In addition, the estimated portfolio is an optimal portfolio given the
underlying assumption is that agents made optimal decisions that resulted in what we observe.

General Structure For several asset types ¢, and liability types j, we have at any given
moment #:24

Afz,t = I(i,t + )‘iBa,t
Li,t = Ig,t + ‘ZS{B(M

where I} ; and Iit are the intercept functions for each age and (X!, ) are the parameters
associated with net assets. The intercept terms I, ; are general functions of age and of

auxiliary variables with population, aggregate net assets B, and another macroeconomic

23 QLS is unbiased. A GLS estimator with weights given by population N, is more efficient in the presence of
age related heteroskedasticity. However, the error from this estimator, Y — X a5, no longer sums to zero.
24 \We only run regressions along the age dimension. When data allows we will look into panel estimation.
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variable @ as a scaling factors. With a first order polynomial in age and with one auxiliary
variable z the intercept is as follows
[ =1t L%j + I {gﬂ a+ I Zay
t
with Nt = Za Na,t: and S¢ = Za Na,t -a, and Bt = Za Na,tBa,t and Zt = Za Na,tZa,t-

The object (); is a macro variable. We can also have several Z; variables to fit the portfolio.

Homogeneity We now briefly drop the time subscript. In OLS regression terminology, the
objects Y and X are (for asset i) given by Y = [A%] with X containing four column variables
(intercept, age, Z, and B) with as many rows as ages a:

X:[%, %(l, Zag, Ba:|

The way the intercept terms are defined plays a role in ensuring homogeneity of degree 1 in the
model. Homogeneity of degree 1 is ensured if, when increasing all exogenous variables by a

common factor A, the model yields all endogenous variables factored by the same A such that
no relative quantities change. Consider the equation for asset A’ and aggregate over all ages a

and all households N, . Inserting the intercept we have
> ONLAL =N, I i |Qlasriz + MY N,B
- a‘taq - a 0 N 1 Sa z¥a . aa

which, after canceling terms, yields

A
B

— [(Ig +17) % + I;% + A"]

The portfolio structure only needs to ensure the homogeneity of aggregate (sum over all
individuals and all cohorts) assets and liabilities with respect to B. The rest of the MAKRO
model must then ensure that B is homogeneous with respect to all other variables. Since Q is
a macro variable introduced as a scaling factor, the long-run portfolio composition is constant
as long as MAKRO preserves the ratio @@/ B. The same is true for the ratio Z/B. However,
policy interventions or structural changes that affect the long-run ratios Q/B and Z /B will
affect long-run portfolio compositions. Of particular note are the scaling objects N and S,

which ensure that the portfolio is homogeneous with respect to population size.

Housing We include housing in the auxiliary variable Z in the regression since it is a key
determinant of non-mortgage bank debt. Note that we implement the portfolio with one
short-run deviation from the estimated model: a slow-moving house price instead of the market
clearing price. We now detail the algebra associated with these features. Consider the equation
for some asset i. It is estimated as

Not Al = Nay {Ig [%} +1I @j] + 15 -pP D,y + /\iBM}
t t
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and aggregation > N, A% , = A} implies (where pP’ D, is total housing)®
A= {5+ 11} Qi + I [p Di] + X' By
A= 1] | | i X 9P D] + X B
t

The house price pP attached to D, ; in this equation is the same for all ages and therefore just

scales the estimated parameter I’;. As we implement this equation we define this price as a
moving average: pf = (1 — k") pP + kPPpP | where pP is the realized house price. In the
long run pP = pP.

The marginal return on housing is I - X;pP, and with all assets and liabilities

D _ -D iy Jri
2 (E Telgiq1 — E :TtId,t—1>
i i

Aggregation and long run properties, however, require some adjustment. As we aggregate
> o Nat Al , = Al the intercept and the age term become

S %] 0 |G e} =ty e
while the last term becomes simply B;. Aggregating over population yields
I Naupf Djar = Iipt Dy
which means the aggregate portfolio obeys
Aj = (Ié + Ii) Qi+ I [ﬁtDDt] + \'B,

—D
so that homogeneity is a property determined by the ratio (/B and the ratio ”*’B—tD*.

Note that, as the entire household problem generates endogenous variation for B and Z, the
estimated portfolio model allows for endogenous variation of its constituent parts which by
design is an optimal portfolio adjustment. Note also that any sluggishness in portfolio
adjustment relative to economic conditions is already included in the estimated equations,
either through lower coefficients attached to explanatory variables or through a higher intercept.
Finally, the presence of the constant term yields an estimation error which is orthogonal to the

life cycle, a property which is useful in the forecasting role of the model.

25 The actual estimated equation multiplies both sides of this equation by population Ng¢. In addition, the
scaling objects Q¢, Nt,and S are implicit as constants mutiplying the variables so that the actual coefficients

(Ié,]f) are recovered ex post by inversion. For example for the intercept we estimate Bé and then recover

i = (Ne/Qu1) B
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Marginal return on B Given a portfolio structure we now must fit the budget constraint on

historical data. The budget constraint with explicit assets and liabilities is

Bat=DBs-14-1+ ZTiAi (Ba—1,4-1) — ZT'ZLj (Ba—1,4-1)| +--.
% J

Realized Total Return

and, given observed/realized rates of return, it is completely characterized. The realized return

on assets is

i1 J 1 Qi J 1J
E rtIa—l,t—l - E TtIa—l,t—l + E TAt—1 — E i @i | Ba—14-1
i j i j

intercept and attached rates marginal return on B

where we note again that the parameters and intercept functions are timed in the same way as

the underlying assets they describe, but the rates of return are timed one period forward.

The marginal rate we are looking for in the Euler equation is then

RE=1+rf =1+ > rxi— rlél,
%

J

and 72 is not age dependent since the parameters ¢ and ) are not age dependent and we

assume that rates of return 7! or 7 on any assets and liabilities are not age related. Note that

interest rates on bank debt may well be age related but we rule that out.

Marginal return on Z If the auxiliary variable Z is endogenous there will be a marginal rate
given by

-7 __ iTi Jrd
Ty = E Ty z,t—1*§ rtIz,tq

? K2

This is the case for housing. Since bank debt is related to housing purchases, we select the
housing stock Dy,¢ (or housing value V.5, = PP D, ;) as an auxiliary variable Z, ;. As the
portfolio is related to the housing stock, the choice of housing now influences the savings
decision through its impact on portfolio composition and returns. Note that as the household
changes its decision on housing D and on net financial assets B, the portfolio adjusts within
the model as the data suggests it should. This adjustment is still exogenous as optimal
portfolio composition is implicit in the estimated parameters of the portfolio structure.

As shown above the additional marginal rate is
=D __ -D i Ti J7i
Ty = Xupy ert,t—l - Zrtjd,t—l
i i

and is generally non zero, unless the rate of return on assets and liabilities is the same. It is
also not age dependent. This marginal rate helps characterize the user cost of housing in more

detail as the household faces mortgage interest costs on the mortgage part, but opportunity
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costs on the non mortgage part. These opportunity costs now reflect also the change in

portfolio weight on bank debt when the volume of housing changes.

The user cost of housing We derived the expression

D
wcD __ afa,t 1 afa+1,t-‘r1 o Ra+1,t+1

ot ODqy 1477, 0Day 1+77,

User Cost of D, + measured at time t.

and with
5 ) , ) )
L+75, =1+ ZT;H)\% - Zﬁﬂ#
i J
where

D
Ra+1 t+1 = Tt+1 = VDP (Z 7’t+1ldt ZT’fH dt>

and we have?0

iri Jri
USER _ afj,a,t + 1 afj,a+1,t+1 Bt PD (ZZ Tt[d’t ZZ TtId’t)
a,t — — BET)) .
ODjar  1+7fy ODjar VP ' gy (Zi OXED rifbj)

User Cost of D, ¢+ measured at time t.

Shocks and data

Shocks. Each different asset or liability has its own return, and, in the absence of shocks to
the model, realized and “expected” returns are identical. Since MAKRO is a perfect foresight
model, when a shock occurs it changes the environment from one probability 1 scenario to a
different probability 1 scenario. In the impact period of the shock (and only then), domestic
stock returns (and only those) will differ from “expected” returns. Realized returns are always
included in the budget constraint. Expected returns (which obey arbitrage conditions in the

absence of shocks) are always included in the intertemporal first-order conditions.

Data. As households in MAKRO are divided in 100 age groups, it is a requirement of the
data set used to calibrate households that it contains data distributed across those age
groups.?” The tasks that MAKRO will be used for also require that the sum of the wealth
profiles over age correspond to the totals found in the national accounts. Such a data set was

not available prior to the creation of the MAKRO life-cycle profiles.

The administrative data used to create the wealth profiles is drawn from the Statistics
Denmark’s administrative data on wealth, with some additional data being drawn from the
Lovmodel database. Aggregate data on wealth is drawn from national accounts. Returns are

based on aggregate data and the portfolio composition implied by the created asset profiles.

26 The parameters A and ¢ are in the code dvHh2dvHhx and, in the code the Ijit and Iét are called

dvHh2dvBolig[' asseti’, t] (inside the aldersprofiler.gms file).
2T Reference: Christian P. Hoeck (2020). “The creation of lifecycle profiles for households in MAKRO.”
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The asset profiles are created using two steps: First, a correspondence between the
administrative data and the asset structure in MAKRO is established. Most asset and liability
types in MAKRO have clear correspondences to the administrative data. This includes bank
debt, deposits, real estate, mortgages, and bonds. In MAKRO stocks are divided into foreign
and domestic stocks, but Statistics Denmark’s wealth data only contains information on the
combined value of stocks. Data from the Lovmodel database is therefore used to divide the
combined value of stocks into foreign and domestic stocks. In the second step, the asset and
liability profiles are then scaled proportionately to match the aggregate values from the

national accounts.

Rates of return are calculated based on aggregate values from the national accounts.
Combining the rates of return with the created asset and liability age profiles results in age
profiles for total return

Land and housing depreciation

The housing D the household owns is an aggregate object containing “bricks” and land. The
entire stock of land is held by households inside their housing good. An intermediary buys
“bricks” and buys land released from depreciated housing, packages these together and sells the
resulting housing good to families. Here we make an important simplification to the model for
practical reasons. As over time the exact composition of new housing in terms of bricks and
land may change, so does the implicit composition in terms of bricks and land of the total
housing holdings, and this affects households of different ages differently. We simplify the
model by assuming that the composition of housing in terms of bricks and land is always
identical for all households. This avoids having to trace two additional age specific stock
variables (bricks and land) inside the household problem, and is similar to the assumption used

in the labor market where the age distribution of workers is the same in every firm.

Now, inside the housing good “bricks” depreciate but land does not. Nevertheless, the
depreciation rate of the housing object is still the depreciation rate of bricks, as the land
associated with depreciated bricks is released and sold by the household. Therefore we account

for the released land as “lost” in the normal law of motion
Z — D _ 1 _ 5brick’s D
a,t a,t t a—1,t—1

and “recover” it as household revenues from land sales.

One final detail is that new land is released into the economy every period. The aggregate land
variable grows exogenously and this land growth is helicopter dropped on households
proportionally to their individual land holdings. In order to settle the accounting of land sales

we must determine the individual land holdings relative to aggregate land.

Individual households own the following fraction of total land:

( Dy_1,4—1-No—1,4—1 ) 1
ZaDafl,tleafl,tfl Nafl,tfl

The term in brackets contains the fraction of total land held by the appropriate population
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group (a,t). The second term is 1 over the size of that population. The product of the two
yields the fraction of individual land holdings. Eliminating terms this equals D,_; ;1 2F%"¢

where

pond 1 _ 1
YaDa1t-1Na—1t-1 Dy
Now we are ready to determine revenues from land sales. The total quantity of land being sold
is the land released by housing depreciation plus the helicopter land growth,
Landfales = (55”C’“Landt,1 + Land; — Land;_1. Individual revenues from selling land are
then given by
Da_141- QLand pLand ] o, gSales

This quantity is now adapted to the model in the main text by defining the object af2"¢. This

is given by
aLand B QtLandPtLandLandfales _ PtLandLandtSales
t - D = )
FiZa Pz Dy
where aF4"? s the same for all households.

A final remark regarding depreciation is in order. Housing depreciation is endogenous in the
data. Maintenance investments prolong the life of a house. Such investments are choices and
either consist of home production or of purchases from small to medium size service providers
such as plumbers and carpenters. This is a simple model extension which we have developed
and can later be included in MAKRO if necessary.

Mortgages and Housing in the budget constraint

Preliminaries. The law of motion for the housing stock is

Da,t = (1 - §d) Dafl,tfl + Za,t

When we derive the budget constraint we consider the cases of positive versus negative net
investment in housing since when Z, ; > 0 we want to to impose a down-payment constraint
but when Z,; < 0 we do not. In order to make the budget constraint easier to read define the
composite variable

Aat =Bat— (14 144) Bac14—1 — yDispas + rentyHqy 4

We postulate the exogenous relationship for the mortgage debt stock X(i‘fft, such that

mortgages are proportional to the value of the house
M D
Xa,t = pa,tPy Da

where [, ; is a variable which is exogenous to the household, and which we detail below.
Endogenous mortgage ratios increase the size of the model and require modelling of credit

relationships which is a non trivial expansion of MAKRO.
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The budget constraint: positive investment in housing. Consider first the case of

Zayt > 0. The term Mff > 0 is the fraction or amount paid in cash when increasing the
housing stock (the down-payment), and m,_; is an unspecified mortgage payment. In this case
the size of the mortgage stock obeys the law of motion

X(i\,/lt — (1 _i_r;rrzov't) XM

a—

1t—1 + 9 Zay — Mtftp — Ma,t
The budget constraint of the household is

C DP
Aa,t +pt Ca,t - *Ma_’t — Mgt

w D D Land
- (Tt + xt) Pi1Da—14-1+pi_1Da—1,t—104

where 7' is the wealth tax rate, z; measures expenses in running the property, and the last
term is the revenue from land sales. Now use X, ; = ua,tptDDa’t, and the laws of motion for D
and XM to get

Aa,t +ptcca,t = - (1 + ,r,;lmort) ,Ufa,—l,t—lpf)_lDa—l,t—l + ,Ufa,tptDDa,t

~pP Dot +pP (1 —8¢) Da—1,4-1

w D D Land
— (7Y + @) P 1Da-1,4-1 + P 1 Da—1,4—100™"

The budget constraint: negative investment in housing. Consider now the case of
Za+ < 0. The budget constraint of the household does not have a down payment fraction but
rather keeps the entire proceeds of the net sale

Aa,t +ptCCa,t = _ptDZa,t — Mt

— (TtW + mt) Pth1Da71,t71 + p£1Da71,t71C¥tLand
Since none of the revenues are used to pay down the mortgage, the size of the mortgage stock
obeys the law of motion

M _ mort M
Xa,t = (1 +ry ) ’ Xafl,tfl — Ma,t

When we put the two together we obtain exactly the same as above. There is no asymmetry in
the problem. Of note is also the fact that the mortgage payment m,; disappears entirely from

the problem.

The f object. Reorganizing terms yields the f object we use in the main text.

f (Da,t: Dafl,tfl) = (]- - ,ua,t) PtDDa,t

D

P,
{0 o = (1 6) ol 2D
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No transaction costs. Proper aggregation of non-convexities at the micro level, such as
fixed costs of trading houses, is necessary for an accurate description of aggregate behavior.?
Given the constraints imposed by the GAMS software and by the size of the model introducing
these non differentiabilities excessively increases the computational burden. In the absence of
an endogenous trade-off between renting and owning we leave such adjustment costs out of the
problem, and proxy for them through the reference housing value inserted into the utility

function.

The Mortgage Ratio .
Mortgages are proportional to the value of the house
X(% = /”'a,tPtDDa,t

where [, ; is exogenous to the household and is given by

pD
fha = fi Fat
a,t — Ma,t 5D
Pt

where [i, ; is a calibration object exogenous to the model.

The reference price Pal?t is a function of current and past prices of the form
5D D 5D
Py, =17 ,P° + (1- Fg,t) Py

The factor I} ; is a measure of new borrowing. A simple measure is the ratio of current

investment over final stock
D Za,t _ Da,t - (1 - 6d) Dafl,tfl

at —
’ Da,t Da,t

In this way, for the first age of economic life when houses are bought, th =1, implying all
mortgages are new and subject to the current price. This number Fg}t is bounded above by 1
and since D is always positive it has a finite lower bound. Younger agents are much more
subject to the variation in house prices than older ones. The ability to finance through a

mortgage therefore varies with house prices. Given I'f ; the ratio

. P4
Ha,t = Ha’t?P = Ha,t Fg,t + (1 - Fﬁ,t) PtD

falls at impact with an increase in house prices. The household can mortgage more as prices
increase, since Xé‘,/ft = ,Ua,tPtDDa,t increases with the house price keeping all else constant, but
less than proportionally. Leverage ratios fall with house price increases. But since FZ)t changes
endogenously as housing decisions react to house prices the mortgage ratio is more reactive.

Leverage ratios fall slightly more with house price increases if investment falls. The exact effect

28 See the entire literature on firm investment with non convexities. Specific examples are Cooper and Adda
(2000) on cars, Li, Liu, Yang, and Yao (2016) on housing, and Ampudia, Cooper, LeBlanc and Zhu (2019) on
financial portfolio adjustment.
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depends on how persistent the increase in prices is, which affects the investment decision. A
temporary increase in house prices should trigger a strong fall in investment. A permanent one

not necessarily so. We use a slightly more general way of writing this factor as follows

Da,t - (]- - 5d) Da—l,t—l

oi=(0-9)+¢ D =1-¢(1-d%

Dafl,tfl
Du,t

as it allows for a degree of control over the influence of the endogenous housing decision on the

mortgage ratios.

Aggregation
Due to migration flows, population obeys
Na,t = Safl,tleafl,tfl + Ia,t - Ea,t

While in the data immigrants and emigrants are different from the average household in most
respects, the model is nevertheless bound by the necessity to fit all agents into an average that
can be replicated.?’ The household model has one dimension of heterogeneity which is age.

Any additional heterogeneity is eliminated.

The goal is then to generate average quantities of assets B, housing D, consumption C, and
employment that encompass residents and migrants in an internally consistent way. In the
labor market chapter we detail the assumptions and mechanics needed to generate average
employment, and here we detail the aggregation of assets and housing. We therefore assume
that migrants carry with them the necessary assets to appropriately fit the resulting average.
That is not the only assumption required, so we first work through an aggregation example

without housing, and then replicate it with added housing.

Aggregation without housing. We first detail the budget constraint of three groups of
households. Surviving residents s,_1,;—1/Ng—1,+—1 — Eq,+ have the budget constraint where

Tat = Yot — PtCC’M and where we have added a transfer term T(ft (superscript S for stayers):
Ba,t — Ta,t = (1 + ra,t) Bathfl + Tgt

The people who leave, E, ; receive/pay a transfer T,ft before leaving. They do not earn
income, consume or buy end-of-period assets in the country this period so that their constraint

is simply a definition of the amount M, ; they carry abroad:
Ma,t = (1 + Ta,t) Ba—l,t—l + TaE7t

Finally, the people who enter the country, I, ; receive/pay a transfer Ta{t after arrival. This

transfer and the assets A they bring into the country allow them to make identical choices to

29 Non migrants are also heterogeneous and yet only their average by age is in the model.
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those of the first group (the stayers):
Ba,t — Ta,t = Aafl,tfl + Tgit

The next step is to define some properties we need to impose. We choose to impose a zero net
effect on the balance of payments. This implies the following relationship between households

entering and exiting the country:

Ea,t
Ia,t

Ea,t
Ia t

s

E,
(1+ ra,t) Ba—1,4-1+ T . TaE,t
a,t

)

M, =

Ag—14-1 =
We then impose that the transfer flows have zero net sum. This implies:
[Sa—1,t—1Na—1,t-1 — Ea ] Tf,t + Ea,tTft + Ia,tTa{t =0
and finally we impose equality of stayers and new arrivals which implies
Ta{t =(1+7ra:)Ba—1—1+ T,;g,t —Au_141

Now we can aggregate to obtain the budget constraint of the population, IV, , at each age.
This is done in the following steps. Add surviving residents s,_1 -1 Nq—1,t—1 — Fq ¢ plus

incomers
Na,t [Ba,t - xa,t] = [5a717t71Na71,t71 - Ea,t] [(1 + Ta,t) Bafl,tfl + Tgt] + Ia7t [Aafl,tfl + Ta{vt:l
replace the zero balance of payments relationship

Na,t [Ba,t - l'a,t] = [safl,tleafl,tfl - Ea,t] [(1 + ra,t) Bafl,tfl + T[ls:t]

E E
Hlop | = (L4 7a) Bac1m1 + =215, + 11,
Ia,t Ia t

)

replace T with the equality of stayers and incomers and collect terms to obtain
Ba,t — Ta,t = (1 + ra,t) Bafl,tfl + T(;S:t

Finally, determine the transfer payments T'. If we put together the relationships on zero

balance of payments, zero net transfers, and the equality of stayers and new arrivals, we obtain

that T )
Tas,t = —MT]EM (1 +7a) Ba-1t-1
1 1 E.;
T!, =(I,; — Eq.:) | — — 14744)Ba1toq — —2tTF
at = Lat ) La?t NaJ( +7a,t) Ba—1,-1 T, Lot

and using this we can rewrite the aggregate budget constraint as
Ba,t — ZTa,t = (]- + Ta,t) Ba—l,t—lra,t

where
Sa—1,t—1Na—1,t—1

Na,t

Fa,t =
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One last detail is that the transfer T, is arbitrary and can be set at zero. These transfers are
artificial constructions used to ensure new arrivals and surviving residents can make the same
exact decisions subject to a balance of payments constraint which in this case is zero. They are
added to the problem as a lump sum which is taken as exogenous by the household and do not
affect marginal decisions. Furthermore, as all agents make identical choices within age, the

only budget constraint that needs to be satisfied is the aggregate one, namely

Ba,t — Ta,t = (1 + Ta,t) Ba—l,t—lpa,t

Aggregation with housing. Surviving residents s4_1+-1Nq—1,t—1 — E4+ have the budget

constraint
D _ D S
Ba,t — Za,t + (1 - ﬂa,t) Pt Da,t - (]- + Ta,t) Bafl,tfl - Xa,tpt_lDafl,tfl + Taﬂt

where

PD
Xajt = (L4717 pram1,0-1 + 77 + 20 — PtD (1—68) — afond
i1

The people who leave, E, ; do not consume or work in the country, and sell their houses so
that Z, s = — (1 — 6;) Dy—1,+—1 < 0 and take their assets and proceedings abroad. Because
they are downsizing, their budget constraint does not have a down payment fraction but rather
keeps the entire proceeds of the sale. The final mortgage payment m liquidates the

outstanding mortgage so that we obtain
_ D E
Ma,t - (]- + 'ra,t) Ba71¢t71 - Xa,tPtlea—l,tfl + Ta,t

and where M, ; is the amount these agents will take abroad.

The people who enter the country, I, have Z, ; = Dy > 0 and they earn their income and
consume here while they bring assets A,_1+—1 from abroad. Their housing expenditure is
(1 — p1a) PP D, ;. Their full budget constraint is

Ba,t — Za,t + (]- - Ma,t) PtDDaA,t = Aafl,tfl + Ta{t

We now impose the three conditions from above. Once again the zero balance of payments

effect is defined as
Ea,t

Iat

5

Ag—14-1 = Mg ¢

and the property that the transfer flows have zero net sum is also as above:
[sa—1,t-1Na—1,0-1 = Eat] Tog + BaiTay + Loy Ty = 0

and finally the equality of stayers and new arrivals now implies

T({,t =(1+7a¢) Bam1.4-1 — Xat PP 1Da—14-1 + TaS:t —Ai14-1

Reproducing the same steps performed above we will find that we can set Tft = 0 and that we
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obtain the following objects. The aggregate budget constraint
Ba,t + (1 - /~La,t) PtDDa,t = Ya,t — PtCCa,t

+ [(]— + 7na,z&) Ba—l,t—l - Xa,tPtD_lDa—l,t—l] Fa,t
and the transfer

Ia - Ea“
T(;S:t — _( 7tN ,t) [(1 + Ta,t) By—1,4-1 — Xa7tPtD,1Da71,t71]
a,t

and again the only budget constraint that needs to be satisfied is the aggregate one.

It is useful to emphasize here that cohort aggregation, which is used extensively in the code,
brings in the factor I', ; attached to the lagged stocks B,_1:—1 and Dg_; +—1. In most of the

text here this does not show since we are concerned with the decisions of individual households.

Housing intermediary

Households buy houses from a particular intermediary agent. The purpose of having this agent
is to introduce land (a quasi-fixed factor) in the model. Although studies for other countries
are only indicative of possible effects in Denmark, they document land as a fundamental factor
affecting house prices.3® The housing intermediary buys “bricks" from the construction sector
and land from households, packages them and sells them to households as houses. An
adjustment cost function is added to the housing production function in order to help fit
dynamic behavior of house prices and quantities. New houses equal gross output minus
adjustment costs, Y,” — AC;. Gross output is a CES function of land (here .J;) and the
“bricks” input flow from the construction sector (here labelled I”). These new houses built in
a given period correspond to the aggregate net investment obtained in the household problem

after summing over age

YP - AC, =D, — (1 -6,)D;_4
The intermediary agent has profits given by
m = PP (Y,P - AC,) — Pt J, — P/ IP
Accumulating the input flow from the construction sector (I”) as an investment quantity

yields an accounting measure of a “stock of construction capital” embodied in owner-occupied

houses:
KPP =KP,(1-6)+1F

where § is the depreciation rate of the “bricks” or buildings (as opposed to land) part of the

house. To get a measure of the total stock of capital in housing consistent with the data, we

30 Davis, M. A., and Heathcote, J. (2005). Housing and the Business Cycle. International Economic Review,
Vol. 46, No. 3, pp. 751-784. Davis, M. A. and Heathcote, J. (2007). The price and quantity of residential land
in the United States. Journal of Monetary Economics, vol. 54(8), pp. 2595-2620.
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add an exogenous stock of rental housing. This combined stock is the main input in the
synthetic housing production sector present in the input/output data, and which is described in

the chapter on private production.

We specify the adjustment cost function as

2

YD ItD I

AC, = =1 —_— =
t 2t (ItDl gt)

while the first order conditions are

oy,
PD t —_ PLand
t |: aJt :| t
oy, 0AC 0AC,
PD t PI PD t PD t+1
t 6ItD t + t aItD +ﬁt+1 t+1 8ItD
user costy

. . ) yP\YE ay;P yP\YE :
Using the user cost expression and = (/J,Jf) and BIZD = (Mjﬁ) we can write

demand functions in CES style

PLand —-E
Jp=pg- VP ( : )
t PtD

user cost E
t
[tD = s ,ytD ( )
Py

Given these demand function the optimization problem solves using both of them and the CES

zero profit condition
PPYP = pEand J, 1 user cost, - IP
The quantity ¢/ is then used to generate the stock variable ¢F in the standard manner

@F=0-38)g"+qf

2.13.8 Merging profits of intermediary with the household budget constraint.

Due to the addition of adjustment costs the intermediary agents have profits. As this is an
auxiliary construction to introduce land into the model which does not have a correspondence
in data, these profits are plugged back into the household budget constraint as transfers that
do not affect the user cost and the marginal decisions of households.3! Profits are allocated to
households by age using the weight D,_1;,_1/D;_1 as illustrated in the optimizing household
budget constraint.

31 The household model is designed to capture the majority of transactions which involve already built housing.
The possibility that households themselves buy land and contract the building of the house is partially captured
by the intermediary and the inclusion of its profits in the budget constraint.
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Ba,t = (1 + ra,t) Ba—l,t—l + ga,t - pgca,t - (1 - ﬂa,t) PtDDa,t

PD
. {(1 + T;nort) fa—1.t-1 + TtW +xp — PLD (1 - 6?) - OétLand} PtD_lDa—l,t—l
t—1
Da— _ an
D 1,t—1 PtD [Dt _ (1 _ 6fd) Dt—l] — PtL th - Pth{
t—1
5’_/ profits
weight

At this point we work on the algebra of the budget constraint to simplify the expression and

reduce the computational burden. We first decompose the last line

Da—l,t—l
Dy 1y

Da—l,t—l
Dy —y

el pD (D (1= ) Do) -

qul
thl t 1t

PtLanth _
and eliminate the terms in (1 — 5;1) to obtain

Ba,t - (1 + 7ﬂa,t) Ba—l,t—l + ga,t - pgca,t - (1 - ,ua,t) PtDDa,t

@+ g1 + 7V + 2} PP Do 11 + PP Doy

Dt Da—l t—1 Land Da—l t—1 1 T
+PDD —1t—1|: :|— ’ P an Jt_77pq
b Dty Diy ! Dy
now use the fact that a%"? is given by

Land
aLand _ Pt Jt
£ PP D

t—1-t—1

and replace so that the land terms disappear completely and obtain a budget constraint with

fewer terms

Ba,t = (1 + Ta,t) Ba—l,t—l + ga,t - nga,t - (1 - ,ua,t) PtDDa,t

PtDDt - PtIQtI

PP.D, 1,
PtD,]_thl } =1 bt

- {(1 ) o + 1Y+ —

2.13.9 The multiplier effects of leverage.

The presence of the mortgage contract generates a leverage effect in the model. Specifically,
when house prices rise, pP > pP |, the existing debt obligation is valued at prices p ; but now
the equity on the house is valued at the house price pP. It may be profitable to liquidate the
previous mortgage, sell the house and buy a bigger house using the fact that one only has to
commit a small fraction of funds because one is allowed to borrow. This mechanism is better

understood if we look explicitly at the cost of housing object f in the budget constraint.

f (Da,ta Da—l,t—l) = (1 - ,l.taﬂ:) PtDDayt

D

P
+ {(1 + 7 pam1 1 + T 3 — P]g (1-68) - af“”d} PP Dy 141
t—1
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We can rearrange this into

D

P
f= (—=par)P’Dsy — (1- 55’) PtD — pa—1,t-1| PP1Da—1,4-1
i1

Out of pocket: new house equity
exisiting house equity ratio

mort w Land D
+ {Tt Ba—1t—1+ T + T — oy } Pt_lDa—l,t—l

Unavoidable net carrying costs

The key feature is that an increase in house prices has a marginal effect which is not dragged
down by the previous debt f,—1 +—1. We have

9r _

1—fptar)Dar — (1=6N) Dy
aptp ( /%t) Jt ( t) 1,6—1

effect on new house equity  effect on exisiting house equity

and since 1 —§ > 1 — p the cost of housing comes down when house prices increase. Therefore

it is possible to buy extra housing.

Notice that there are no transaction costs which implies taking advantage of the leverage effect

is costless. This potentially makes the leverage effect very powerful.

Now, this mechanism here is static. Rational agents are forward looking so they will not rush
to buy more houses if prices are likely to fall in the future, which will happen if the cause of the
increase in house prices is a temporary shock. As they antecipate capital losses they will

dampen their current response to the price increase.
Financial accelerator

The leverage effect is not the financial accelerator effect of Kyotaki and Moore (1997), or of
Bernanke and Gertler (1995). In fact, the mortgage contract worsens with an increase in
house prices, Ou/0p < 0, which makes it a stabilizer rather than an accelerator. An increase in
house prices, even though it raises the value of your current house does not relax the mortgage
financial constraint but rather tightens it. It does, however, allow the household to exploit an
available (slightly worse) contract and buy more houses simply because the household now has

more money and because there exists an available debt contract.

Yet, MAKRO does have an accelerator in the KM and BG sense. It lies inside the utility from
leaving a bequest and the utility of wealth. This object is a concave function of the sum
B+p(1—p)D. This combined object has an admissible lower bound. If the household is near
this lower bound, an increase in house prices allows liquid wealth B to decrease, which allows
households to consume more and buy more houses. The constraint has been relaxed by the
house price increase, and here, buying extra housing relaxes the constraint next period also.

This dynamic effect has all the hallmarks of the classic financial accelerator mechanism.
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3 Firms

The economy has eight private sectors indexed by the subscript s in this chapter. These are
agriculture (including fishing), construction, energy provision, extraction, housing,

manufacturing (including food processing), shipping, and services (other than shipping).

Firms maximize the present discounted value of profits. Solving this problem requires both cost
minimization and optimal price setting. These two problems are separated into two sub-sectors
- an intermediate sub-sector producing the goods and choosing inputs optimally, and another
sub-sector where retail firms buy goods from producers, set prices and sell the same goods to
the final consumers. The production and the price-setting decisions are separated both in the
documentation and in the code. The production problem is given in this chapter.

The model’s private sector firms use labor, capital, and intermediate goods as inputs. These
inputs generate output through a production function which is a CES nest with multiple levels.
Capital and intermediate goods can be bought from domestic firms or imported, and labor
services are bought from supplying households. The market for intermediate inputs is a spot
market and the optimal decision is static. The optimal decisions for labor and capital are
dynamic, and the relevant price measures are user costs derived from intertemporal first-order

conditions.

The user cost of labor is derived in the labor market chapter. The user cost of capital is derived
here. Given the correct user cost measures, the problem of the firm can be solved by a
sequence of static cost minimization problems at every level of the CES tree. Two bottom
levels of the CES tree determine input demand for intermediate inputs and investment goods
from all producing sectors and from foreign or domestic sources. These levels are separated
from the problem of the firm and into the input/output system of market clearing relationships
by interpreting them as intermediate transformation sectors with constant returns to scale
technologies. These two levels are mainly data aggregation devices although we can also
interpret them as behavioral objects. They are described in the input/output chapter.

This section delivers two demand components - intermediate inputs, 2, ;, and investments,

I; 51 - to the input/output chapter. The rest of this chapter is organized as follows:

= Cost minimization, subsection 3.1: The production function, the CES tree, and the general

cost minimization problem.

= Dynamic optimization, subsection 3.2: The dynamic optimization problem and the
computation of the user cost of capital.

= Firm investments with costly external finance, subsection 3.3: A reduced form way of modeling

costly external finance through the firm’s discount factor.

= Finance, subsection 3.4: A brief introduction to the valuation of the firm and how we account

for firm financial assets and liabilities.

= Special sector considerations, subsection 3.5: Deviations from the baseline model for the
housing and extraction sectors.
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Cost minimization

The production function
Gross output @ is produced with capital equipment, K;,s, energy, E, labor, L, capital
structures (buildings) K;p, and intermediate inputs R.

All inputs except intermediate inputs enter production in effective units which include factor
utilization and in the case of labor, net of hiring costs. Effective capital inputs are denoted

K¥ .,y and K% . | (superscript u for utilization). Capital stocks are subject to a one

period time to build which implies they are fixed in the short run (current period) although

they can be used with varying intensity.

We write the general production function in sector s at time ¢ as

KELBRs; = Q (K!yi g1, Espts Lo s Ki' g o1 Repit)

In what follows sector and time indices are omitted when that does not affect exposition.

The CES tree

Production inputs generate output through a CES nest structure where superscripts
K, FE, L, B, R denote equipment capital, energy, labor, structures, and intermediate inputs:

KELBR(KELB, R)

/

KELB(KEL, K;5) R

KEL (KE,L) Kip

CES cost minimization

The optimal demand for inputs is obtained from solving a sequence of cost minimization
problems at every level in the tree. As an example, the problem at the bottom branch of the
upper tree is to minimize total cost PXP K E = pKX K" + pP E subject to KE = CES (K“, E).
The solution to this problem is well known and yields the following objects which, with the

necessary extensions and appropriate indexing, translate appropriately to all levels of the tree:3?

32 |t is easy to show that the CES structure also captures zero elasticities of substitution. The demand func-
tions, constraint, and CES price all go through, while we never make use of the production function, Q¥ EL =

DREAM - MAKRO 54



3.2

3.21

MAKRO Documentation
Firms

1 n— n— P
Output = KFE= {(l—wE)”(K“)Tl +wE%(E) 711:| '
1
Derivative = 853513 _ [WE%} n
n
Demand/F.0.C. = F—=uWEKE (ppf;E)

1

CES Price = PKE _ [(1 —wE) (pK)l—n L WF (pE)l—n} =)

In these equations the parameters 7/ are share parameters. The parameter 1) is the elasticity of
substitution between the two inputs. The input prices p’(not the CES prices P) are user costs

except for intermediate goods where it is a CES aggregate of spot prices.

One detail to mention is that, although we show it explicitly here, the production function is
never used in the numerical solution to the problem. Much like the utility function in the
household problem, only its derivatives are ever needed, and they enter the problem through
the demand functions shown above. The problem is solved using only the demand functions
and the constraint in the form PEFKE = pX K + pPE.

Solving all the problems in the tree requires knowing the correct prices of every input.

Intermediate inputs and energy in production as well as capital investments are sourced from
many production sectors, both domestic and foreign, in exactly the same way as all other
demand components. The prices of intermediate inputs and investments are derived in
input/output chapter. Firms pay same the wage pr. unit of labor, but user costs will generally
differ between sectors due to differences in labor adjustment costs etc. The user cost of labor is

derived in the labor market chapter.

Finding the correct input prices of capital (and labor) requires solving a dynamic,
forward-looking, optimization problem. We look at the user cost of capital in the next

subsection.

Dynamic optimization

This section derives the user cost of capital. All variables and parameters in the problem
generally have a sub-index (k, s,t) — that is over investment/capital type, sector and time. In
this section, this index will be truncated to only ¢, unless otherwise explicitly stated. Given
eight different private sectors and two types of capital, MAKRO has 16 appropriately indexed

versions of the variables and equations described.

Definitions

All capital stocks have a law of motion of the following form

min(KE, L/u’), and of course there are no derivatives but instead optimality implies KE = L/u’ = KEL.
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Ki=(1-6)Ki1+ 1
where 4, is the depreciation rate and I is the investment flow.33

Capital stocks are subject to adjustment costs

2
v K Kig

AC; = = — — 1| K:_

t=5 Kt—l/Kt,Q -1

where the v parameter controls the severity of adjustment costs and K is the average capital

stock in the sector.3*

Capital stocks are fixed in the short run due to one period time to build, but they can be used
with varying intensity u;. The problem of optimal capital utilization is examined below.
Adjustment and utilization costs as well as vacancy costs are not explicitly measured in the
data, and are modeled as unobserved lost production. Adjustment costs are subtracted from
gross production, . Gross and net output are related by:

Y, = Ay |KELBR, - _ ACy,
k

where the index k identifies the type of capital good (equipment or structures). Note that we
do not see the vacancy posting costs or labor utilization costs explicitly here, as they are
modeled directly inside gross output () and detailed in the labor market chapter. A ; measures
residual total factor productivity after labor-saving technological progress (embodied in the
quantity of labor supplied by households), variable factor utilization, and adjustment costs in
labor and capital.

Debt

We model the debt issued by the firm as:

Dy = pup{ K,

where P is a factor taken as given by the optimizing firm and which can be viewed as the
result of an independent optimal corporate capital structure problem. The value of uP is then
an expression of a modified Modigliani-Miller theorem. There is an implicit trade-off between
bankruptcy risk and associated costs on one hand, and the gain from financing the firm at a
lower rate on the other. Currently all firms in the model have the same constant debt factor
uP = 0.4. This way of modeling debt mirrors the way mortgage debt is modeled on our
household side of the model.

33 Inventory investment is assumed to be proportional to net output: Iinut,sp,t = /,ng’}%t}/sp,t. It does not
accumulate or contribute to production. It is just a drain on resources in order to match the model with national
accounts data, where it is small fraction of total spending (less than 0.5 percent). Inventories are listed in the
index ¢ which identifies the three types of investments (inventories, equipment, structures): ¢ = {iL,iM,iB}.
34 We apply the same adjustment cost function to prices, wages, and capital stocks. In each case, we consider
the object with two lags to be external to the optimizing agent. l.e. we do not take a derivative wrt. the effect
two periods ahead. Internalizing this tertiary effect has made no practical difference in testing.
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There are other reasons to link debt to the firm’s capital stock. One significant component of
firm debt is mortgage debt, which is closely related to (or collateralized by) the firm's capital
stock. Corporate debt is also issued with various covenants (such as not allowing sales of
installed capital), which serve as an indirect claim on the firm's equipment and structures.

The problem of the firm

For exposition purposes, we state the problem with a single capital stock rather than two, and
we use only the time index on all variables. As we focus only on the optimal choice of capital,

we also leave out many details of the labor input. The operating surplus 7 in a period t is

Pt)/;g — PtRRt — [1 + TtL] tht
Tt = (1 - th) _TtKPtIKt—l =T

—r u Pl K
—P'L +f ((garoptllt + 53“KtT_“f”) +ur PIKy — p  PL K
+q (1 — 6 Ky + I — Ky)
afe (1= 67 KT 4 (N7 = 670 LT - KT)
where net output Y; is given by

Y; = A [KELBR (wins+ Kingt—1, Ev, Ly, uip 1 Kip 1 —1, Ri) — ACY]

To properly locate the elements in the CES tree above, the production function K ELBR here

corresponds to the top of the tree and has the associated CES price PXFLBE,

The optimization price is

PKELBR
P="t
t A,

The first block of the surplus expression in curved brackets lists elements affected by corporate
taxes 7{. It contains net output, minus expenses on intermediate goods and on labor costs. 7
and 7/} are net input taxes (such as property taxes, vehicle taxes, or payroll subsidies). Finally

there are lump sum taxes T} and interest payments on debt 7, all of which reduce the taxable

income (corporate tax) generated by the firm.

After these we have the nominal investment cost P/I;, the value of the tax deduction from
capital depreciation, revenues (expenses) from increases (reductions) in corporate debt, and
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finally, the Lagrange multiplier (Tobin's q) and its attached law of motion for capital (the
standard one), and the Lagrange multiplier and its attached law of motion for tax (or book)

value capital. The tax value of capital is the nominal object, K}*.

First-order conditions

The discount factor between time ¢ and time ¢t + 1 is B;4+1 = . The required rate of

1
1+7ri41
return, 74, is taken as given by the firm and may vary across sectors if investors demand
different risk premia to hold equity in different sector. In subsection 3.3, we discuss the

introduction of costly external finance in the firm's problem, modeled so that its effect is

contained in an augmented discount factor.

The optimal choice of labor is detailed in the labor market chapter. The first-order condition
for capital utilization is discussed in section (3.2.5) below. The first-order conditions for energy,
E,, and intermediate goods, R;, are simply PtKEaaKi;i = PF and thgiéiam = Pl and,
since this optimization is static, it is already obtained in the CES cost minimization problem.

The first-order condition for investment, I;, which isolates Tobin's q, is

g = PtI (1 o th(stTazo o ()\’il"aw o 53"0@0) qg"am)

The first-order condition for the book/tax value of capital, K% | is

Taxr __ c Tax Tax Tax
@ ** = BT 00T + B (1 — 04 ) 41

where 579 is the tax deductible depreciation rate, 0} %* is the immediate tax deductible rate
from investments and A\f%® is the total share of investments that are tax deductable over
time3. This Lagrange multiplier is given by a Bellman equation which computes the present

discounted value of all future tax deductions.

The first-order condition for capital, K, is

3Yt 1-— th 1 8Yt+1 1-— 6t+1

1—79P + +1 p - g —

( t) taKt ]. +’I"t+1 s 8Kt 9 1 +Tt+1 Qt+1
1 =7 K pl
1 +7y t4+1+ t+1
! Tt+1 D D pl

_ _ P

]. +Tt+1 1 thJrl ’rt+1 lj't t

From the derivative of net output we isolate the user cost of capital

0Yi 1 0Q111

_ . OAC; 11
aKt tt 0 (Ut+1Kt) b+l

—P,
t+1 oK,

K .
Pwrl.user cost of K

35 This rate is lower than unity for buildings and has been greater than unity for machinery in periods.
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where u; is the utilization rate in period ¢ (u;K;_1 is the effective capital input in period t).
The last term measures how an increase in K;, decided in period ¢, lowers adjustment costs in
period ¢ + 1.

We insert the user cost definition in the first order condition for capital to get

147 1-6
o 4t — tcﬂ(]tﬂ
1—7,

K _
Pt+1_1_ c
Ti+1

K pI
+ 741 P

Tt+1 D D pI
- [1 _Tt+1} wy Py

— T
1+ Tt4+1 aACt
il eyp Tt
M R T
OAC 11
F Py L
t+1 oK,

Some intuition is immediate. The corporate tax rate raises the user cost of capital by the factor
1/(1 — 7). Having corporate debt reduces the user cost of capital when the cost of this debt
rt[}rl is lower than the cost of equity funding ;1. And not surprisingly, taxes on capital 7%

raise the user cost.

Factor utilization

Intuition Factor utilization is added to the model to help generate pro-cyclical value added
per worker. In order to counter diminishing returns across all factors of production due to
capital rigidity, it is necessary to compensate with a mechanism that increases total factor
productivity. The equations used are flexible adaptations of the following idea. Let the firm
have gross output given by a function of the type Q: = @ (u:X}) with a generic first-order
condition for optimal choice of X; given by
Q¢

Ptmut = P~
where P is the user cost of X. Utilization is then associated with an auxiliary stock variable
2 which obeys the following law of motion x; = (u; — 1) X; + A\jzy—1 where \; = aif’{/ﬁt and
where 4, is an externality term which in equilibrium equals u;. This law of motion has a steady
state solution at z = 0 and u = 1. We replace the choice of u; with the choice of the stock x;
and impose the limit condition lim;_,, ; = 0. Imposing symmetric equilibrium on the
externality term, and lagging the expression one period, the resulting dynamic first-order

condition is

Ut:< PtX/ut )77 :< PtX/ut )17 <Pt)£1/Ut_1> K Uy
P Juee P Juega P Juy
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Capital We generalize the derived expression with an additional parameter, \“, to get the

expression for utilization for each type of capital:

i —i
P Jut C PSS Jukea ) ( =
Ukt = | 58 7. —DHhE Uk,t—1
Pk,t+1/uk,t+1 Pk,t/uk"t
The parameter n* controls the degree to which capital utilization varies and is one of the key
parameters that we set in order to match MAKRO's impulse responses to a number of

empirical models. Setting 0 < A\* < 1 adds persistence to changes in utilization and is likewise

used to match empirical IRFs.

Labor Although we do not look at the optimal choice of labor in this chapter it is convenient
to discuss its utilization rate here. Labor utilization is closer to the idea of effort. The object L
contains many components and we use the term P~ which is the marginal product Pt%.

In the Q(u - X)) model above the object X equals L/u, with the resulting first-order condition

OL: duy
3ut 8I‘t

0Ly 0
+5Pt€r1 t41 OUt41

pk =0

6ut+1 6xt

and using the fact that OL;/0us = L/u we get

U = ( P >71 = ( i )77 < L >_nut—1
P, Phy) \Ph

and the generalized expression used in the model is
wL ul
n L -n .
L_ (PF Pia L\
Uy = PL PL (ut—l)
t+1 t

Firm investments with costly external finance

In the following we detail a reduced form way of modeling costly external finance through the
firm’s discount factor. Besides financial frictions being a realistic feature of the theory of the

firm, they help generate pro-cyclical investment in line with data.

An illustrative example

The simplest model of the firm abstracts from costly external finance. The firm has free access
to funds at an exogenous rate, r;, which is the discount rate of its cash flows, and which is the
required rate of return demanded by all investors.3® A simple illustration of this model is the
one variable example where the capital stock obeys the standard law of motion

K;=(1-0) K1 + I, and profits are given by revenues minus investment costs,

36 There are also no conflicts of interest between management and ownership, and no issues of corporate control.

DREAM - MAKRO 60



MAKRO Documentation
Firms

7 =Y (Ky_1) — P!I,. The unconstrained optimal choice of capital obeys

87Tt 87rt+1
oK, + Bit1 K,

=0

where ;41 = 1/(1 + r441) is the discount factor which is exogenous to the firm and is not

affected by how much the firm chooses to invest.

However, this is an incomplete model since financing the firm's activity is a complex process.
When firms finance their activity, the immediate source of funds is retained earnings or internal
finance. This is often not enough and firms also interact with banks, issue corporate debt, and
raise or buy back equity. One common characteristic of all sources of outside finance is that it
is costly and therefore, we want to extend the model of the firm by defining this cost. Before
that, in order for costly external finance to matter the firm must be in need of funds: it must

be constrained.

The simplest model of costly outside finance adds a constraint 7; > 7. Outside finance beyond

this threshold is infinitely costly. With a Lagrange multiplier £ the optimal decision obeys

87Tt

oK, =0

1+ 0
+ {5t+1€t+1] el

1+¢& 0K,

where if m; < 7 then & > 0 (and large enough). The firm can raise cash freely up until the
threshold and after that the cost of outside finance is prohibitive. The optimality condition
shows that this financial friction is fully captured in the generalized discount factor. While this
is not a general property of models of firm finance, we choose our model so that we have it.
When the constraint binds, this generalized discount factor is lower (the future becomes less
relevant). This is intuitive as the effect of costly external finance is to reduce investment.
However, that is not the only effect of costly external finance on the firm. In fact, how this
constraint moves is more interesting over the business cycle. Although the existence of costly
external finance acts to reduce investment, as long as the constraint is normally binding what
matters is how the constraint tightens and relaxes. These effects through the constraint help

propagate the business cycle.

In MAKRO we model the costs of external finance assuming that they generally bind. We do
this by using a differentiable cost function as in Gomes (2001) as a flexible way of modeling the

above Lagrange multiplier. His model is as follows. Dividends are
dy = m — & (my)

with the function & having value zero for m < 0 and a positive increasing function for m > 0
where m; = —my = P/ I, — Y;, and it is easy to verify that it yields the same first-order

condition

=0

&+
a7'['15 + L+ 85“111 877-t+1
oK, T x| oK,

where the Lagrange multipliers are replaced with the derivatives of the cost function.

DREAM - MAKRO 61



MAKRO Documentation
Firms

3.3.2 The financial constraint in MAKRO

The firm maximizes
Vi=my — & + Big1 Vit

where m; is the free cash flow of the firm (excluding financial assets). The positive valued
function & = £ (m; — ™M) > 0 models the cost of financial frictions. The first-order condition
with respect to a given input X; is

om ~ 8mt+1

Ly Bi+1 ax,

T =0
00X,

where the augmented discount factor Bt+1 is given by

1 — 08 11/0myiqq

BtJrl = 5t+1 1_ 8§t/8mt

We can rewrite the augmented discount factor as fBiy1 = 1/(1 + 7441 + Thi + Tfﬂ) by

defining a premium 7’§+1 associated with the financial constraint.

We specify the financial friction function £ as a differentiable symmetric function with
derivative given by the hyperbolic tangent function3”

9
877’7/75

where lim,,, 00 0§:/0my = p and limy,, oo 0&/Omy = —pu. Numerically, with g = 2% the

= ptanh (k [my — 7))

firm pays a 2 pct. fee for outside finance (m; < m;). The parameter k > 0 controls the slope

of the derivative around m; — m; = 0.

3.3.3 Homogeneity

The function & ; is sector specific with sector subscript s, and is approximately homogeneous if
ms+ = 0 and with high enough x. To preserve long run homogeneity with a free cash flow

target different from zero we let T, ; endogenously adjust as

ms,t = 7ms7t71 + (1 - ’Y) Mst — €st

where y controls the speed of adjustment and e, ; is calibrated to set @7, ; = ms in the
baseline forecast. We calibrate ks = Kit (other measures of sector size can be used) to
ensure similar behavior across sectors. For strict homogeneity x,; would need to endogenously
adapt to changes in K ;, but this is unlikely to matter in practice as mg; — M converges to

ZEro.

37 The function tanh(z) = (e® —e™%) / (e® + e~2) is well defined for the entire support of z. This makes
the primitive function £ a two-sided penalty function for missing profit targets and can be viewed as the cost of
issuing (m¢ < T¢) or re-purchasing (m¢ > ) equity.
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It is useful to define the 'habit adjusted’ free cash flow 17, ;:
ms,t =Mt — ms,t =7 [ms,t — Mg -1+ ms,tfl] + €5t

Rearranging the augmented discount factor we get an expression for the discount rate premium

associated with the financial constraint

1 — ps tanh (Kgthg t)

3 =[1 b -
Tgt+1 [ + T+ Tt“] 1 — pg tanh (Kstg i41)

Acceleration

The financial constraint model we use is closer to the Gomes (2001) model than to collateral
acceleration models such as Bernanke and Gertler (1989). The factors relaxing the constraint
in good times come from the expansion of revenues as prices increase and from the increased
production ability as capital accumulates. There is no additional contribution from an
improvement in collateral values or from any additional relaxation of the constraint from a

gooduwill effect arising from extra revenues.3®

Finance

Production firms hold and manage liquid assets (cash, credit lines, liquid assets) since, due to
financial frictions, cash inside the firm is not identical to cash outside it. These frictions are
currently modeled parsimoniously in the production model and so the presence of financial
assets in the firm's balance sheet is dealt with in reduced form and separated from the firm's

optimization problem.

Financial services also account for a significant share of total services. We do not have a model
of the financial firm, and therefore there is no theory of endogenous optimal decision making
for these agents, but we do have basic principles of financial arbitrage which we apply to
include financial stocks and flows in the MAKRO model. These assets must be adequately
accounted for in order to fit the national accounts data (Nationalregnskabet) and make up a

separate entity from production firms.

The data contains both financial and production components of firm valuation. Financial
assets are valued at current market price3. We now provide a brief introduction to financial

valuation and accounting. More detailed descriptions are contained in the appendix.

38 These mechanisms are discussed in recent work. See Lian and Ma (2020) and Drechsel (2021) and references
therein.

39 The value of cash and other low-return instruments outside the firm would be higher than the discounted
nominal value of their returns inside the firm. This is corrected by their convenience yield: this is the exact
difference between the nominal yield the asset generates and the required rate on equity. Keynes used the idea
of convenience yield in his money demand function. See also Del Negro et al. (2017), Safety, Liquidity, and the
Natural rate of Interest, Brookings Papers, Spring 2017.
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Valuation algebra

We divide the value of the firm, V4, into two separate objects: 1) The value of the main
operations of the firm V*, and 2) the value of net financial assets not related to the main

operations, Bf.

Vi= VP4 B

The value of operations is the discounted value of the cash flows that result from the

endogenous optimal decisions of the firm:

i1 + Vi
1+ rﬁ_l

xr _
t =

The required return on equity is the sum of the bond rate and an equity risk premium and
differs from the discount rate used by the firm in its optimal production decision.

Net financial assets consist of a several asset classes (index A) and two types of debt (index L
for liabilities). All the portfolio components are valued at their market price. For example,
financial firms hold a large number of mortgage bonds that we value at their market price
rather than discounting their associated interest rate payments with the required return on
equity. The debt associated with capital, u” P/ K3, is included in the value of main operations

and is therefore not included in net financial assets.

Bf = ZBA,t - ZBL,t— u PLK,

N—— “———  debt from operations

financial assets total debt

We assume that the firm holds financial assets proportional to the value of their main

operations:

BY = <Z Mg,t - Z ME,t) Vi
A L

We can now write a budget constraint of the firm which ties together net financial assets with
the cash flow from main operations, dividends paid and finally revenue from new equity issues

(buybacks if negative):

Bf = (1+[1—7f]rf") Bf_, + m — divy + issues; + €t

other transfers

where 7P7 is the rate return on net financial assets before taxes.

We assume that firms follow a constant dividend rate policy such that dividends are

proportional to the total value of shares,
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div; = Tflet—1

implying equity issues are endogenous and determined residually by the budget constraint.*°

The change in share price is then given by

Vi — issues;
Vi1

omuv __
T =

Note that the rate of return on equity (rd“’ + rom”) is unaffected by the dividend policy and
equity issuance. l.e., if the firm issues equities and uses the money to buy financial assets, the
value of shares including financial assets, V;, increases by exactly the same amount and share
prices do not change. Similarly, when the firm pays dividends, their value decreases by the

same amount.

Financial accounting terms and corporate taxes

In order to define the scope of corporate taxation 77 we make a detour to discuss how EBITDA
(Earnings Before Interests, Taxes, Depreciation and Amortization) , and how EBT (Earnings
Before Tax), translate into the income the cash flow from main operations, 7, (which we used

in the dynamic optimization problem of the firm):

Ty = Pth - PtRRt - [1 + TtL] U/tLt - TtKPtIKt_l — Tt

EBITDA

- PtIIt + NtDPtIKt - (1 + T?) MﬁlPtﬂth,l

new debt without interest tax deduction

— 7 |EBITDAY — 6{ " K[F —rPui | Pl Ky

EBT®

EBT” consists of earnings before taxes and before income from net financial assets. To get the
total tax base for corporate taxes we add the income from the net financial assets part of the

firm:

EBT, = EBT® +r2°B7 |

Note that the “before taxes” in EBITDA and EBT refers to corporate taxes only and not
production taxes. Net production taxes consist of 7/ (payroll taxes and subsidies), 7/ (land

and vehicle taxes) and T; (other production taxes, which are treated as exogenous to the firm),

40" The separation between dividends and equity issuance has minor tax implications, but is primarily necessary
in order to match national accounting data.
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which can all be considered part of the net prices of the firm's production inputs.

Special sector considerations

The extraction sector

The extractions sector consists of oil and gas and a small amount of gravel extraction. Output
and prices from this sector are exogenous and based on forecasts from the Danish Energy
Agency (Energistyrelsen). Given the exogenous output, production factors are endogenously
chosen to minimize costs and modeled the same way as other sectors apart from the existence
of an additional tax:

y ygrave/

c _ e extraction,t T Yt oil

7-extraction,t =T + Tt
yextraction,t

As both the price and domestic output quantity is exogenous, we scale the demand for
domestic extraction output proportionally to match the supply. Demand for extraction imports
is scaled inversely such that the total demand for extraction does not depend on the exogenized
sector output. l.e., import and domestic production of extraction are perfect substitutes, and
we allocate a share of domestic output to different types of demand and use imports to satisfy
residual demand.

The housing sector

In the national accounts, the housing sector produces housing services where the key input is a
measure of the stock of houses. The sector includes both rental and privately owned housing
and produces a homogeneous good priced at the rental value of housing. The rent value of

owner-occupied housing is imputed based on rents of comparable rental housing.

In the model, we have an endogenous decision by households on owner-occupied housing while
rental housing enters the household problem exogenously. As we do not (yet) model the rental
market, both consumption and production of rental housing are exogenous. The housing stock
available for rent is exogenous and assumed to depend on government-supported rental

building projects.

Given that the rental part of housing is exogenous, we need to decouple it from owner-occupied
housing. In order to achieve this separation, we model the production of housing services using
a Leontief production function. The main input is the existing stock of housing (structures)
and there is no input of capital equipment. Note that this measure of housing stock excludes
land, and therefore it is not the housing measure, D, described in the household chapter. In the
data, this sector accounts for services such as housing maintenance (= 15%), which involves
labor and intermediate inputs, and other (mainly financial) services (= 10%), and for that

reason it is organized as a production sector within the input/output structure of the economy.

These three inputs, structures, labor, and intermediate goods, generate output through a
Leontief production function. The consequence is that output, employment, and intermediate
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goods are proportional to the capital stock measure. Unlike production in the other private
sectors, there are no adjustment costs to capital, and therefore, net and gross production are

the same.

Since everything is proportional to capital, we can separate all inputs and output in proportion
to the fraction of structures that are owner-occupied housing (described as “bricks” in the
household chapter) and the fraction which is rental housing. This is equivalent to assuming
separate but identical Leontief production technologies for owner-occupied and rental housing,
so they have equal amounts of intermediate goods and labor in proportion to their respective

building capital stock.

Once the rental part of the data is separated, we calculate how it behaves in existing data and

forecast its use of resources in the future.

Formalizing the problem Net output Y; uses energy (E), labor (L), structures (K;p), and
intermediate goods (R):

Y; = Ay KELBR, (Ey, Ly, Kip4_1, R;) = A;min (mRt, min (qbiBKiB,t_l, min <¢iB Ly, din Et>>)
¢r oL oL
and the Leontief function implies the optimality conditions K FLBR, = ¢;pK;p+-1,
Ey=¢pKipt—1, L = 1 Kipt—1, and Ry = ¢rKipt—1.

The capital stock K;p ¢ (here, the total stock of structures or “bricks”), and the associated
investments, are the sum of owner-occupied and rental housing. The owner-occupied housing
part is endogenous, while the rental part is an exogenous projection. The owned housing part
of this stock is described in the household chapter in the section covering the housing
intermediary. Output, employment, and the use of intermediate inputs are endogenous, but all

of them are proportional to the stock due to the Leontief production function.

Link to the household problem As we decouple rental housing from owned housing, we
introduce them differently in the household problem. The rental housing coming out of this
sector is added exogenously to the household’s budget constraint, while owner-occupied
housing is an optimal decision. Owner-occupied housing is bought from an intermediary that
takes a flow product from the construction sector, puts it on a plot of land, and sells the final
combined good (bricks and land) to the household. Rental housing does not explicitly contain
land.*! If we remove the value added of land from the house bought by households, we have a
stock equivalent to the rental housing capital, and the sum of the two stocks match the data

from the housing services sector described here.

In the problem of the household we can find in the budget constraint a term which accounts for
expenses with housing maintenance, xtPtleDa,Lt,l. The factor z; in this term is taken as
given by the household and is the fraction of the energy, labor and intermediate goods costs
[PE¢r + PLér + PEor| we have in the problem above which is allocated to owner-occupied

housing.

41 Land is introduced in MAKRO in this specific way to improve house prices’ modeling. The user cost of owner-
occupied housing includes the effect of the price of land. Currently, land is not included in any other product or
sector.
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Finally, the household owns the stock of owner-occupied housing and pays directly for its
maintenance costs. Therefore only the fraction of sector profits corresponding to rental housing
can be allocated through the ownership of the firm in the household portfolio, controlling for

the fact that households consume an exogenous amount of rental housing and pay rent on it.
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Price setting

The main contribution of this chapter is explaining how output prices are determined in

MAKRO. It also explains how import prices and export competing prices are determined.

The problem of the firms can be divided in two: Cost optimization and setting the optimal
output price. The chapter of the firm deals with cost optimization and this chapter deals with
setting the optimal output price. Cost optimization gives an optimal marginal cost per
produced output unit including factor-specific production taxes, P/S*5%. Including
non-factor-specific production taxes this gives us the (marginal) unit costs, P?,. In a perfect

competition setting the optimal output price, P, ;, would equal the unit costs, Pgt.

In data observed prices are more sluggish than the ones generated by the perfect competition
solution. The standard way to solve this problem is to add an intermediate layer of price
setting behavior between the producing firm and the agents demanding the output so that the

output prices are not identical to the unit costs.

‘57
Production

Input Prices Unit costs

0. )
N ) \ , \ , 5 ]
(Ps t|a|ls wtﬂ"t) = Pvt|z€s = Pst|z€s

Price Setting Final Price

This price setting intermediate model is often modeled as a monopolistic competition problem.

We also adopt that model and apply it to all private production sectors except housing.

In addition to monopolistic competition, we have price rigidity coming from adjustment costs
of changing prices. Monopolistic competition alone does not generate price rigidity. It merely
provides a theoretical foundation for price setting behavior, which in turn generates price
rigidity.

Monopolistic competition and price rigidity

Monopolistic competition is a superstructure added to the problem of the firm, where every
sector is thought of as having a continuum of firms with unit mass, each producing an
individual “variety”. Demand for all varieties is a standard CES aggregator with a demand
elasticity, and in equilibrium the price paid by the consumer, P ;, is a markup over the
marginal cost of production which reflects this elasticity. The equilibrium is symmetric so that

in the end the unit mass of firms within a sector looks like a single representative firm.

While the unit costs Pgt is flexible, the consumer price is not, and therefore on top of this
structure we add price rigidity through a cost of price adjustment similar to Kravik, Motzfeldt
and Mimir (2019).%2

42 Kravik, Erling Motzfeldt og Yasin Mimir (2019). “Navigating with NEMO". I: p. 177.
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Monopolistic Competition Model

In what follows we disregard the sector index s. Within each sector, firms are subject to
monopolistic competition. In the monopolistic competition set-up all firms within each sector
face the same demand elasticity, 7;, and the aggregate price over all firms in a given sector, P;,
is a CES price index.

Without price-adjustment costs P; would be a constant markup over the marginal cost of
production, P?. However, prices are sticky as we assume these firms pay a quadratic
adjustment cost to change them. The adjustment cost function is similar to Rotemberg (1982),
but instead of the cost being applied to changes in the price level, p;/p;—1, it is applied to
changes in inflation (as in Kravik, Motzfeldt and Mimir, 2019) which allows for richer

dynamics.*3

The monopolistic competition model generates the following demand aimed at the individual

firm:

where p{ is firm j's price and Y} is the sector’s total production (net of capital adjustment

costs).

In the absence of price adjustment costs firms would set their price as the following markup

over marginal costs:

= (1) R =t

n—1

In the presence of price adjustment costs the markup relationship is more general.

Optimization Problem
Each firm j in this sector faces adjustment costs of changing prices given by:

2

Py,

j_ Ot l pi/pi—l 1

9t ;
2 pi_l/Pt72

Firm j in this sector solves the dynamic problem

Vi =maz,y { (vl = P?) vl = gl + B Vi1

43 [Rotemberg, Julio (1982). “Monopolistic Price Adjustment and Aggregate Output”. |: Review of Economic
Studies 49.4, s. 517-531.]
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subject to

j —MNt
i_ [Pt Y,

and to the adjustment cost function above.

The first order condition is

; 1 1 pl|og dg’
P = (1 + 1) P — 1—§. ig. + Bes1 ﬁl (4.1)
ne — =1y | Opt Ipy

The derivatives of the adjustment cost function are

1 Pg/ngl 1
Pg_l/Pt—2

0
P
P

agl ([ PP,
99i _ . (| 2e/Piza

81’% pi_l/Pt_z

gl Pl /ol pia/rl | 1
tervl = 2741 % -1 % — Pl
apt pt/Pt—l pt/Pt—l Dt
_ 72]9%-&71 agggrl
pi 5p§+1

It is helpful to define the auxiliary variable

1 pl 1 0g
V= T i P gy
ne— Lyl Py op;
_ v pifvioy |\ | o/pi | Y
p§—1/Pt72 p§—1/Pt—2 Yy

where 0} = ﬁ is the structural markup, i.e. the markup in the absence of price rigidity, and

Y = 0%

Inserting the auxiliary variable in the first order condition (4.1) we get

0 )
Pt+1 yi+1
Pyl

t

pl = (1+6;) P/ — | Wy — 5112044 Py

Finally, using symmetry and the unit mass assumption we obtain the expression

_ " Pto+1 yg—&-l 0
Po= 1407 =V + 3112V, 4,4 po 7 |1
t Yy

This can also be written as
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P=(1+6,) P
where the endogenous markup 6, is a function of a structural markup 6; and price rigidity

o .
Pl yg+1
P yj

t

O =07 — Uy + Br112V 1y

Sector considerations

The price-setting model is a filter which takes as an input unit costs which are highly volatile,
and adds structure to it, generating output prices, which behaves in a more sluggish way.

When we take the price setting model to the data we assume independence of #* and . We
obtain a positive value of 6 in the largest private sectors. But markups in the agriculture,
energy, and shipping sectors are volatile and often negative during the data years - for these
sectors we forecast 6* as zero.

The extraction sector has a large positive markup, but it is hard to think of its price as being
determined anywhere else than in the world market. Therefore, despite the large positive
markups this is not a sector where the price setting structure is likely to apply, and we
exogenize its price instead.

In the shipping sector, we also model a world price, by keeping the price of shipping exports

constant relative to competing foreign prices, letting the markup adjust endogenously.

Finally, the housing sector is primarily a synthetic national accounting sector, which transforms
the stock of owner-occupied houses into a consumption flow that is included in GDP etc. The
price attached to the housing consumption flow is the rental housing price and not the user cost
of housing. As the Danish rental market is highly regulated, we do not model the rental price as
a market-clearing price. Instead, we model the rental price (which is also the accounting price
for owner-occupied housing services) as a moving average of other private consumption prices.

Foreign prices

In MAKRO there are two exogenous foreign prices: The oil price, P?", and the foreign price

excluding effects from the oil price and from rigidities, P{".** All import prices, PM and export

PXF

ot » are determined on the basis of these two exogenous prices. For given

competing prices,
PP and PF all other foreign prices are constant. It should be noted that all foreign prices are
determined for given interest rates and for given foreign imports. Correlations in oil prices,

other foreign prices, the interest rate and foreign imports must be handled outside the model®.

The import price for each sector is specified in the following way

44 The oil price is directly observable and the foreign price excluding oil and rigidities is calibrated historically
using aggregate import prices. The oil price in DKK, Pt"”, is a price index that is determined by the Brent price of
oil in dollars times the exchange rate between dollars and DKK. In a strictly technical sense it is not endogenous,
but as the Brent price of oil in dollars and the exchange rate are exogenous variables - Pt’)“ is unaffected by all
endogenous responses in MAKRO.

45 An explicit satellite model connecting these variables will likely be added in a future version of MAKRO.
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P 1_gPM 1—¢? pM
s

g\ oPM ;
Pl = (i (PP (P) [Pli]”

: . . M .
where PM is the current import price for sector s, u2,' is an unobservable scale parameter,

and Pf% is the current oil price. P is the price elasticity of oil while P measures the price

stickiness of the import price in sector s. 4°

The export competing prices are determined in a similar way by

_pPXF
—gPXF 1=es pXF QPXF
[Priea]

. pXF
Pa}),(tF = Mg,)wa (Ptml)am (PtF)l z

XF . L : : I
where p25 ", oPXF and PXT are scale parameters, price elasticity of oil and price stickiness

for the export competing prices for exports groups x.

46 This equation enables us to analyze three types of shocks: Oil price shocks, general foreign price shocks and
shifts in /ﬁs’ij. The expression consists of three unknowns: ugﬁ/I,UfM,ang. The parameters o?and 2™ are

estimated empirically in Kastrup et al. (2021) for each sector. Applying the estimates of o2 and 2™ ff;j

can be calibrated residually and forecast based on the auto-arima forecast method applied in MAKRO to calibrate
scale parameters. This unobserved variable reflects all factors net of oil prices that affect the import price. Such
factors could be foreign producer price, exchange rate fluctuations, changes in the degree of pricing-to-market,
and markup variations of foreign firms.
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The input/output system

The input/output (I0) matrix organizes market clearing conditions, equating demand and
supply of goods and services. We follow the National Accounting classification where aggregate
demand consists of intermediate inputs in production, R, private consumption, C, government
consumption, G, investment, I, and exports, X. Demand is met by domestic production, Y,

and imports, M. In current prices*’:

Y+M=R+C+G+I1+X (5.1)

The right hand side objects in equation (5.1) are aggregated from various demand side
compositions, investment differs according to the type of capital good for example. Each
demand object (R,G etc) combines inputs from potentially all sectors, and from both domestic
production and imports.

The 10 system can be viewed as a retailer buying domestic production and imports and selling
intermediate product bundles to the demand side under perfect competition. The final demand
products are produced with a nested production function. There are two nests. The lower nest
is between imports, Mg+, and domestic input, Yy 5+, from a specific sector. The upper nest is
between aggregates of foreign and domestic inputs, Y M 5+, from the different sectors. The
elasticity of substitution in all the upper nests is 0, but in the lower nest between imports and

domestic production most elasticities are non-zero.

Tables 5.1 and 5.2 show the input/output structure of MAKRO in a single year. The first 9
rows represent domestic production sectors, while the next 4 rows are import sectors*®. Each
column represents a demand side: intermediate inputs and energy used in each of the 9
production sectors, 5 private consumption groups, a single type of government consumption, 3
investment types (including inventory investments), and finally 4 export groups (excluding
tourism exports which are included in the private consumption groups). Energy and
intermediate inputs are split by assuming that all output from extraction(“udv” in the table) or
energy(“ene” in the table) are energy and the remaining sectors produce intermediate inputs.
The numbers shown are values of the input/output combinations in current prices before taxes
in 2022 (bn. DKK).

Market clearing prices

Markets really exist only at the bottom of the CES trees, and thus this is where equilibrium
prices are determined. All other prices are constructed from these equilibirum prices. In
MAKRO the most disaggregate production level is the sectoral level, indexed s. All output

47 For ease of notation we omit deflators for this equation i.e. we write Y instead of PtYYt etc.

48 The imports in MAKRO is in the current model version tied to import groups from ADAM and the mapping
leaves agriculture and shipping empty (imports from housing, public production and construction are also 0 in the
national account 10-tables or very close to 0). For more detail refer to the appendix on “Data and calibration".
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Table 5.1
Input/output matrix (part 1/2)

R (intermediate inputs)

Agriculture (lan)

Construction (byg)

Energy provision (ene)

Extraction (udv) o4 08 1,2 02 00 00 01 6,7 24 02 01
Housing (bol) 0,0 0,1
Manufacturing (fre) 3gs M9 530 155 227 00 95 17 o7 32 547
Public (off) 221
Services, other (tje) 5023 1065 802 155 85 39 1351 T8 18 19,1 14 96,9

Domestic production

Shipping (soe) B33 20 00 00 32 00 10 01 03 0,2
Energy provision (ene) [N 13 09 17 233 00 06 15 01 02
Extraction (udv) 0.0 01 0.0 0.0 00 104 00 01
Manufacturing (fre) 383 1550 326 96 03 00 274 36 07 44 686
Services, other (tje) 155,7 339 2%9 05 109 02 134 17 14 6,4 20,8

DETGELGRGIEH 8015 4604 1994 574 1944 570 2075 419 82 2529 83 2655

Table 5.2
Input/output matrix (part 2/2)

C (private consumption) G (gov. consumption) X (exports)
cBol | cBil | cEne | cVar | cTje | <Tur g XEne | xVar | xSoe | xTje | xTur

Agriculture (lan) 47 12 0,5 29 0.0

Construction (byg) 5 07 7.4 336
Energy provisicn (ene) i 482 00 00 88 00 0.0
Extraction (udv) X 02 00 46 06 16
Housing (bol) 00 00

Manufacturing (fre) 01 00 542 17 11 00 4240 21
Public (off) 60,3 5432

Services, other (tje) 157 129 2025 2552 174 01 1B45 103 1741

Domaeastic prnduc‘tinn

Shipping (soe) 00 22 02 2204
Energy provision (ene) 56 00 6,0

Extraction (udv) 0.0 0.0

Manufacturing (fre) 13 323 21 1061 46 53 179,8
Services, other (tje) 1 36 152 236 02 6,1

TIEL R EI 2479 481 699 3714 3412 236 575,4 19,6 7609 2368 2315
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from a sector s has the same price (before taxes) irrespective of who buys it.*°

The after-tax price may vary depending on the buyer, as indirect taxes can vary across demand
components. For example, households generally face higher indirect taxes on private
consumption than firms on intermediate inputs. Demand prices (paid by the buyer) are given
by:

PIZsT,t = (1 + Td}Ts,t) PeYt

Mt __ M M
Pd,s,t - (1 + Td,s,t) Ps,t

where ngf and Pg]\{ are the (domestic and foreign) prices received by producers, which are the
same irrespective of the identity of the buyer and the 7's denote taxes. In particular, the
indirect tax rates for domestic production and imports are compositions of customs, net duties,
and value added tax (VAT) rates:

Y _ DutyY Y VATy Reg
Td,s,t - (1 + Td,s,t - Sd,s,t) (1 + Td,s,t ) (1 + Ta ) -1

»8,t

M Cus DutyM M VATm Reg
7-d,s,t - (1 + Td,s,t) (1 + 7—clps,t - Sd,s,t) (1 + Td,s,t ) (1 + Td,s,t) -1

DutyY DutyM Y M . VATy
where 7,° %" and 7, 7" are duty rates, s;  , and s, , are subsidy rates, 7, ;' “ and
VATm Reg H i~ ; ; 50 Cus
Tdsqi  are the VAT rates, 7,° % is the implicit registration duty for cars® and 7, "} are the

custom rates, all exogenous to the model and taken from the input/output data matrix in the

National Accounts.®?

Demand trees
Each demanded product, Dy = [Ryi,Cets Gyt Lit, X 1), is @ composition of different inputs
produced in different sectors, s, either domestically (Y) or imported (M) .52

The explicit problem of the zero-profit retailer selling an aggregated final product to a specific

market, Dg, is

49 In the input/output matrix from the national accounts, it is possible to derive prices for the different 10 cells.
In these cells, the net price from each delivering sector will vary. We disregard this information to make the model
more tractable. In the ADAM model, prices are not explicitly defined for the 10 cells. Instead, they use constant
10 coefficients in determining the aggregate price, which implicitly assumes all output from sector s has the same
price irrespective of who buys it.

50 The implicit registration duty, Tfjﬂ, is only non-zero for private consumption of cars, investments in equipment
and government consumption (d= cCar,iM, g).

51 All duties, subsidies, customs, and VAT rates are allowed to vary across the demand and supply sectors. In
the most dis-aggregate national accounts and in ADAM they are identical for all deliveries s. The variation on
this dimension in MAKRO relative to ADAM is due to the fact that production sectors here aggregate a higher
number of sub-sectors.

52 Note that for intermediate inputs, Ry, v is an alias for s, i.e. r exists for all sectors.

DREAM - MAKRO 76



MAKRO Documentation
The input/output system

retailer _ pD YT MT
MaXyYy o,Ma,st Hd,t - Pd,thﬂf - Zs (Pd,s,tdeSvt + Pd,s,thﬁ;t)

s.t. Dy, = Leontief (Y My s14,...,Y My s4)

(5.2)
s.t. YMd,s,t = CES (Yd,s,h Md,s,t)

st PPDay =3, (PYTYase + PIT Mo

where Y M 5 ; is a CES bundle over domestic and foreign inputs, Yy s+ and My 5. The last
equation in eq. (5.2) is the perfect competition condition that gives the final product price,
Pdl?t. Given the perfect competition condition this additive separable problem can be split into
two cost minimization problems for a given level of demand Dy ;:

minyar, . >y Plat - Y Ma s
s.t. Dy = Leontief (Y Mg 14y, Y Mast)

D YM
s.t. Pd,th’t = Zs Pd,s,t Y M

and

H YT Mt
mInYd,s,uMd,s,tPd,s,tYdasvt + Pd,S,thvsvt

s.t. YMd,s}t =CES (Yd,s,t7 Md,s,t)

Y M Y M
st. Pyt Y May =Py Yase+ Py Mas

The above structure does not apply for exports and inventory investments. For exports there

are explicit demands for domestic exports and for imports for export - the two are not nested

(see exports chapter). For inventory investments there is no aggregated demand for inventory
investments, I;1, ;. Aggregate inventory investments is simply an accounting quantity imputed
using chain indices. The real demand is for sectoral inventory investments, I;z, s ;.

Determination of inputs to exports and inventory investments have their own subsections below.

5.2.1 Aggregation of foreign and domestic inputs

Domestic and foreign inputs are aggregated using a CES function with a fixed elasticity of
substitution 7 = 7 M:

n—1 -1

1 1 n
YMd,s,t = |:(’U/};’S,t) n (Yd,s,t) n 4+ (/’Lg/,js,t) n (Md,s,t)nT] —1

This is equivalent to solving an optimization problem with the accounting identity
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Y M YT Mt
Pd,s,t ’ YMd,S»t = Pd757tYd,s,t + Pd757th,s,t

which generates the demand functions

PY‘I’ Nd,s
_ Y d,s,t
Yd,s,t - lud,s,t : YMd,s,t : Y M (53)
Pd,s,t
pMr Nd,s
m d,s,t
Md,s,t = ,U/d,37t N YMd,s,t ° PYM (54)
d,s,t
Y M H Y : H YT M
where P; " is the corresponding zero-profit CES price aggregate of prices (Pd’s’t,Pd’s’t).

The key implication of using this CES structure to aggregate the quantities from foreign and
domestic suppliers (instead of a price/quantity index construction often used in the data) is

that it contains behavior which can be quantified through the elasticity parameter.

Reduced short-run elasticity We tweak the structure above (subsection 5.2.1) in order to
impose lower short-run (relative to long run) elasticities between domestic and foreign inputs.

Specifically, we retain the zero profit condition along with the explicit quantity aggregator as

before:

YM Y M
Pist YMase=PggYast+ PasiMasi

n—1 n—1

1 1 —
Y Masa = [(#00)" Cas) T + ()" (Map) ™|

But, replace the ratio of the two demand equations

Y M

m Mt \ " d,s
Md,s,t o u’d,s,t Pd,s,t

— Ty ’ Y
Y5t Ha st i

T
»8,t

with an ad-hoc generalization

reacts sluggishly to changes in actual prices:

where the relative price object, R};M

s,t

PMT 1=Xd,s
RYM _ (RYM )/\d,s d,st
d,s,t — d,s,t—1 PYT
d,s,t

The resulting price PY'M is no longer the standard CES price, but it remains the price

consistent with zero profits. It is still a method of aggregation, except with added behavior.
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Aggregation of quantities from different sectors

In this level we use a Leontief aggregator combining sectoral inputs into final goods in fixed

proportions. For d € {c, k,g,r} we have

Y M
Y Mast = tgsiDa

In this expression Y € [0, 1] are the Leontief shares and Dy, are the final goods quantities.

Y M

c.s ¢ is the fraction of total demand for consumption good ¢, C. , that falls on

For example

goods produced or imported by sector s.

Note that for intermediate goods, R,+, 7 is an alias for s, i.e. 7 exists for all sectors. Finally,
note that for investments we assume that all investment demand is made up of the same
composition of sectoral inputs across sectors, implying that all sectors have identical
investment prices. In national accounts, the price of investments may differ between sectors.
Therefore, to ensure consistency with national accounts, we introduce a correction parameter in

Appendix 5.4.1. The parameter has a linear effect on aggregate prices.

Exports

For exports there are explicit separate demand functions for domestically produced exports and
imports that are re-exported. Domestically produced exports, X;t, and imports for export,
XM

».t» are each determined by Armington demand relations - see the exports chapter.

For each export demand, sectoral inputs are combined with a Leontief aggregator. The inputs

are given by:
Yz,s,t = /[;(,:ls/,t : X:I:Yt
Mr,s,t = ,uf,zlf : X%‘
Aggregation

The production of each sector is the sum of deliveries to all demand components for both

domestic production and imports:

Vo= Yo
d

Ms,t = ZMd,s,t
d

At the sectoral level, there are model-defined equilibrium prices. However, at the aggregate
level there are no model-defined prices. Thus, for totals to ensure consistency with National
Accounts we use Paasche price indices and Laspeyres indices for the corresponding quantities.>3

53 \We do the same for GDP and for aggregate gross value added. Note that housing and non-housing consumption
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In particular, for a given variable, Z = [C,I,G, R, X, M|, we use the identity
PFZy =Y Pl Za, (5.5)
d

and the index relationship

P77 = ZPdZ,t_1Zd,t (5.6)
d
Together, (5.5) and (5.6) imply the price and quantity dynamic indices

Z Z
Zd Pd,t—1Zd7t Zd Pd,tZdﬂf
Z Z
Zd Pd,t71Zd,t71 Zd Pd,tflzdxt

Price indices are unnecessary when quantities are homogeneous. In such a case, we replace the

Zy = Zy and PtZ :Ptz—l

index equation with the quantity sum and work with

P27, = Z P}, Z4y and Z, = Z Zas
d d

Appendices

Details on investments

All firms buy the same composite investment goods. We assume that the contributions from
supplying sectors, s, to a unit of a given type, k, of capital investment, I ;, are identical in all
demand sectors. In addition, the contributions from domestic and foreign sources in the lowest
level of the demand tree are also identical for all sectors. This implies that quantities are
homogeneous and can be added across sectors to obtain the aggregate quantity demanded for
an investment good. It also implies that the price of a unit of capital is the same across sectors,
P,

However, in the national accounts investment prices for the same capital goods differ across
sectors. To match this, we add a correction factor, /\kpfa’t, and define sectoral prices as

P, =ML, Pl, where r is the sector demanding capital.>* This price is then the relevant
price for the optimal dynamic investment decision in each sector and is the price that enters
the capital goods Euler equations, determining user costs. This factor Akp,i,t enters after the

two bottom CES constructions are decided. It affects aggregate prices linearly.

do not face this problem as they have model-defined aggregate prices through CES preferences. Investment
quantities aggregate linearly so that we do not need a price index to calculate the price of total investment of a
given type (structures or equipment). Using the price index approach does not affect the outcome in a significant
way.

54 It is easy to confuse the price from the perspective of the sector supplying inputs to the capital good Pg’;’t

with the price from the persepctive of the sector demanding the capital good P,g ¢+ This is why we use subscript

is a weighted average of PY 7

r for the demanding sector here. Note that P,f O

r,t
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Data and calibration

Our sectoral aggregation and the resulting input/output matrix match the corresponding
nominal aggregation from the Danish National Accounts. However, the data for the current
version of MAKRO is based on the database from the ADAM-model. ADAM has 12 sectors, 8
private consumption groups, 1 government consumption group, 5 investments groups and 8
export groups. There is a direct mapping from ADAM's to MAKRQO's consumption, investment

and export groups. This mapping is as follows:

The production sector decomposition is almost a one-to-one mapping from ADAM to MAKRO.
Agriculture (lan,a), construction (byg,b), extraction (udv,e) housing (bol,h), sea transport
(soe,qs) are identical. Energy is decomposed in two (energy manufacturing, ne, and energy
refinery, ng) in ADAM but joined in MAKRO (ene = ne+ng). Manufacturing is also
decomposed (food nf and other nz) in ADAM and joined in MAKRO (fre = nf4+nz). The
private service sector in MAKRO is defined as all services, including public and financial
services, and excluding all public services (offentlig forvaltning og service, o1 in ADAM). This

yields the mapping for services (tje,qf+qz+0-01), and for public services (off,01).

The public sector is not a part of the official input/output system. We have initiated a project
where MAKRO will receive input/output cells for the public sector’s production. Until then
private services are a residual and public services reflect the public sector. One disadvantage of
having private services residual is that there is some public production in each sector and
taking it all from services is only an approximation. Another is that there is no information on
the input-structure from and to this definition of the public sector. This is solved by assuming
that intermediate inputs to public production (off) are proportional to that of sector “o” in
ADAM and by assuming that all deliveries from the public sector go to public sales, direct
public investments, and public consumption. All public sales are assumed to go to private
consumption of services, and all direct investments from the public sector are assumed to go to
intellectual rights placed under investments in equipment - i.e. there are no exports from the

public sector and no intermediate inputs from the public to the private sectors.

In ADAM it is assumed that, in every purchasing sector, investments in a given type of capital
good contain the same input contributions from supplying sectors. National accounts data
contains detailed information about the deliveries to investment types in the different sectors.
MAKRO has the same assumption as ADAM, primarily to reduce the dimensionality of the
input/output system. This does not change the number of markets that have to clear as the
overall number of production sectors determines that. But it reduces the number of CES tree
prices and quantities that must be computed. All sectors then have the same price index for

investments in the input/output system.

Imports in ADAM are divided into product groups, whereas here, they are decomposed as the

production sectors.>> We include energy imports (from SITC Group 3) under imports from the

55 Imports in ADAM are more disaggregated than in MAKRO. They are divided into food, coal, crude oil,
other raw materials, other energy, cars, ships and aircraft, and other manufacturing. Imports of food inputs are
substitutes for domestic food industry output (in MAKRO part of manufacturing). Imports of other raw materials
are substitutes for manufacturing in ADAM (as in MAKRO), and manufacturing imports substitutes itself. In
MAKRO other import groups do not substitute for domestic production. Ships and aircraft have no significant size,
and cars are included primarily as input for car consumption, where the import share is so large that substitution
is insignificant. However, in ADAM, it matters as they do not have substitution at the disaggregated 10 cell level
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foreign energy and extraction industries, other imports of goods under the foreign
manufacturing industry, and service imports under the foreign service industry. All imports
come from these 4 industries. Therefore, many ugfs,t parameters are zero. Imports of energy is
exogenous so it has no endogenous substitution. Production in the extraction sector is
exogenous so imports alone clear this market. This means that all substitution between import

and domestic production is in relation to goods and services alone.

In the industry-disaggregated data from the national accounts 10 tables, imports from
construction, extraction, housing, and public production are extremely small. However, there
are sizeable imports from foreign agriculture and shipping. This should, in principle, substitute
for these domestic industries. However, it is not apparent how, as long as we rely on ADAM

data. Therefore, we follow ADAM and let them substitute manufacturing and private services.

Before taxes, the bottom prices in MAKRO are market clearing prices identical for all buyers.
This is not the case in the national accounts for our level of aggregation, and so the
corresponding quantities are different in MAKRO and the national accounts. The aggregate
quantities of sectoral imports and domestic production are scaled, so the quantities of
aggregate deliveries from all sectors and import components to specific demand components
are the same in MAKRO and the national accounts. The imputation of data using this
assumption is made in the iodata_ ADAM.gms file. All aggregates are calculated as Laspeyres
quantity and Paasche price indices except on the assumed micro level. All share parameters in
the 10 equations are statically calibrated, so they correspond to MAKRO IO data.

Balancing share parameters

The share parameters, puy Y, , pu ,, and ', , are balanced endogenously to ensure consistency
of the 10 system in the case a user wants to shock e.g. the import share in a certain sector.

For a shock to any share, other shares adjust such they always sum to 1. We construct the

share parameters, ;1Y 2, Y, and p}’ , using the auxiliary exogenous variables 1} M, p)°, |,

56
ud 24 Ade, and MY as follows:

Y My
YM -\ :ud s,t
Ha st = Adt Z Y M,
d,s,t
0
y _yvm__ Fast
Md,s,t — Md,s,t My
d,s,t + lud,s,t
0
pM Y F,s,t
d,s,t — Md,s M,
Md s,t + Ky ,S,t

ford=r,c,g,i,x.

In the calibration ugi”t, 4 it and pl! , are determined as usual. It is imposed that

> /‘31/3/{50 =1 and udst ud ¢ =1. Then we have

but at the overall import group level.
56 With this construction we can shock an individual deeper parameter indexed zero and the mechanics of the
construction of the resulting parameters will spread the initial shock through all of them.
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YM __ Y My
/’Ld,s,t - )\d,tlu’d,s7t

Y _\YM Yo
:u’d,s,t - )‘dﬂs,tud,s,t

M __ \YM My
Hd st = )‘d,s,t,ud,s,t

PTI— _ Y M YM _ Y M
which implies Agp =3, p1g ¢y and Mg $ =t o+ M 4

Exceptions: Public direct investments and private consumption of public production

The exogenous share parameters, pY 2 Y . and p? , are constructed using the auxiliary

Y My
d,s,t

structure, and they are the share parameter for deliveries from the public sector to private

exogenous variables , uzl/(’s o uéwgt, Aat, and AY M. There are two exceptions to this
consumption, MZ"S’t, and for deliveries from the public sector to investments, ,u?/‘;t where

s = public. The demand for public production for private consumption and direct investments
is covered in the chapter on public production. As we model these demands directly, the
variables do not follow the general demand for investment and private consumption inputs and

the share parameters are adjusted endogenously to match.
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Exports

We assume five export groups in MAKRO: energy, goods, shipping, tourism, and other
services.” The Danish economy is significantly more open today than it was a few decades ago
and we continue this trend by forecasting elements of the model governing the demand for

exports.

Most exported goods are produced at home, but a small fraction consists of goods that are
imported and immediately re-exported. These are goods in transit and are therefore treated
separately. Any value added generated by the transit process is of course a part of exports, but,
the value added from import-export business is accounted for in the export of domestically

produced other services.

Export of domestically produced goods

Demand for the five export groups

The demand curve for each of the five export goods draws both on the Armington model -
Armington (1969), Anderson (1979) - and on the Gravity equations from Anderson and Van
Wincoop (2003). Using a single Armington type equation to describe the demand for exports
of a particular good in a small open economy model carries a number of assumptions regarding
aggregation of demand curves originating in different countries since aggregation is linear while
the demand function is nonlinear. As the foreign demand for exports is exogenous to the model

the specification we use is, while grounded in theory, empirically pragmatic.

For each export group, we specify a foreign demand function. Each export group,denoted with

subscript z, is directly sourced from domestic production (superscript y), X7 ;:

X
XY, = it ara (RYY) "

As in the CES demand problem from Anderson (1979) exports relate to price ratios Rff

between the exported good price and its equivalent world price with a given elasticity 72X, and

market size gi’ approximates for the aggregate income of foreign consumers demanding the

good. ¢7® is a scale parameter which measures the growth of domestic supply relative to

world supply. In this way this equation is similar to any of the CES demand curves originating

from our households or firms. A more detailed explanation of the variables are outlined below.

57 Index set x = {xEne, xVar, xSoe, T je, xTur} where the prefix x stands for export.
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Market size

The variable ¢f is a dynamic construction which is constructed as an index of the import

activity of Danish trade partners m;:
1—ep® P
g = (my) (¢7-1)

The parameter )* controls rigidity in the transmission of increased economic activity among
Danish trading partners to increased demand for Danish exports. The parameter is set so that

it matches MAKROQO's impulse responses to empirical models of shocks to foreign trade.

The import activity of Danish trade partners m7 is determined by the exogenously given

measure of world output:

mg — M:n’“” Y’world
Where Yw0rld is the foreign gross value added and ;ﬂt”m is a parameter which ties world output

to foreign import expenditure.

Price ratio

The object Rff is a relative price ratio construction which is constructed as the export price,
P,jfty, relative to its export competing price, P,X/" . This foreign price P\ is the “world price”
in the respective export market and is described in the price setting chapter. The domestic

export price Pfty reflects the way the export group x is sourced from the 9 domestic

Y M

production sectors, and that composition is summarized by the factors y;, ;.

Xy _ Z YM, YM
pa;,t - /’[’J;,s,tpx,s,t
S

We assume that there is no substitution between the sectors which an export group is sourced

from - see the input/output chapter for details.

The object Rf? is constructed as follows:

Xy F
RXY _ Py XY 4 g 1Pt+1 Xit1 Xy
T,t F Ot t+ F t+1
Px,t P X
where
x xy | Bad R}
\I/t Y= waR %/ z, _ x,
z, RXy RXy
x,t—1 x,t—1

with the XY parameter controlling relative price rigidity and § being a discount factor for
foreign demand of exports. This construction brings a forward looking element into the
demand for exports, and is derived by considering a foreign firm which buys from Denmark and
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then solves an optimal price setting problem when selling to its consumers in a market

characterized by monopolistic competition and price rigidity.

We derive explicitly this equation in section 6.3. The usefulness of this construction is that it
allows for changes in the prices Pfty or P;ftF to affect the quantity exported in a more
dynamic and nuanced way than the effect obtained through the standard demand expression.

A low short-run export elasticity is a necessary component in generating substantial Keynesian
effects. Again, )XY is one of the key parameters that we set in order to match MAKRO's

impulse responses to a number of empirical models.

Export elasticity

The long-run export elasticities, 72X, are set to 5 based on estimations by Kronborg, A.,
Poulsen, K., & Kastrup, C. (2020). The export elasticity is a key parameter in MAKRO as it is
the source of overall aggregate diminishing returns which allows the model to have a solution.

Scale

The scale variable ¢7'® measures the growth of the domestic economy. It adds to the demand

for exports an element of “supply generating its own demand”. We use a dynamic construction

n * world
YL /Y,

Scale Scale
=(1-«o E —_+ta-
qQ; ( ) £ nrl qi—1

where Y* /Y world is the ratio between structural output of the private sector and world output
(gross value added), which ¢?°'® converges towards in an ARMA(1,5) process. a and n are
parameters controlling the speed and path of adjustment (the ARMA process gives an s-shaped

response of 7% to a permanent shift in Y*).

The reason for Introducing ¢ °*¢ is the following: The demand curve that results from
maximizing a CES objective function is a partial equilibrium object that cannot contain the
income of the supply side. However, the solution to the trade model will contain it in some way,
see Eaton and Kortum (2002), Melitz (2003). As we are not solving for world trade equilibrium
we include this feature in a reduced form way. Technically what results is not a demand curve
stricto sensu but rather a description of what drives the quantity exported.>®

Energy exports

Energy exports are exogenous to the model and based on forecasts from the Danish Energy

Agency.

58 This solution is also suggested in the gravity model derived in Anderson and Van Wincoop (2003).
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Tourism divided on consumption groups

The demand for domestically produced exports enters the input/output system directly, with
the exception of the tourism export group which instead enters through the demand for
consumption. Consumption including tourism is simply the sum of household consumption and
tourist consumption. Both household and tourist consumption are separated into the various
consumption groups. Determination of the household consumption is described in the
household chapter. Tourist consumption, XzTuM, is divided on the different consumption

groups, CIpurist with fixed weights, p&7°urist:

Tourist __ , CTourist vy
Cc t - uc,t XzTuT t

The export price of tourism is a weighted average of the price of the consumption groups

implicitly using the above weights p&7 st

Table 6.1 shows the input output matrix in MAKRO from a single year with emphasis on the
demand for exports including tourism.
Imports for export

The demand for imports for export is modeled exactly as domestically produced exports above:

X
Xm x Scale Xm\ e
X =Mzt Gt 4 (Rw,t )

except that the relative price RX’” is a static relation which only differs from 1 in the case of
taxation of goods in transit. The foreign price competing with imports for export is simply the
price of imports (see the chapter on price setting), and the relative price in the Armington
equation for imports for export is

Xm
RXm _ px,t
Tt T m M
Zs /’(’x,s,tps,t

Z M:z:st MTt
Z Mm,s,t 1\/{

_ XM (L 7o) PG
Zs M;Ts,tjjs]%

While the numerator and denominator look very similar, the tax rate Téws ; can be important for

some (x, s) pairs and may vary over time.
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Table 6.1
Input/output matrix

C (private consumption)
cBol | cBil | cEne | cVar | cTje
01 4.7 12

Agriculture {lan)

I(expurts}
cTur iTot | xEne | xVar ¥Tje | xTur | Supply totals

09 -- 00 90,6

< Construction (byg) 1 07 74 3493
'% Energy provision (ene) i 1 492 00 00 Q9.8
-E Extraction (udv) 02 00 187
g Housing (bol) 00 00 26,4
'é Manufacturing (fre) 01 00 542 17 11 7938
£ Public {off) 60,3 5432 625,6
':‘a Services, other (tje) 15,7 129 2025 2552 17,4 1840,6
Shipping (soe) 00 22 02 2429
Energy provision (ene) 56 00 53,9
Extraction (udv) 0,0 10,5
Manufacturing (fre) i 13 323 21 1061 46 53 6721
Services, other (tje) 1 36 152 2B6 02 465,4
2036,6 2479 481 699 374 M2 B6 5754 54895

Tourism export inside C 11 W4 95

2021 input/output table in current prices before taxes (bn. DKK). Columns representing demand for
intermediate inputs or investments have been aggregated.

The red area shows domestically produced exports, whereas the blue area contains imports that are re-
exported.

In each export column, the cells in red sum to P; yX;’t, and the cells in blue sum to P,/ X", Their

total (in purple) is the total value of exports in export group z, P;\, X,

The column for export of tourism is empty. Instead, export of tourism is part of the consumption cells
shaded light red. The tourism-export values are shown in an auxiliary row below the input/output matrix,
with the 3 consumption cells containing tourism exports summing to PXTur X+ Note that the import
of tourism is completely unrelated and contains the consumption of Danish tourists abroad, whereas export

of tourism are from foreign tourists in Denmark.
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Derivation of the dynamic price ratio

Consider the demand for exports given by the Armington equation

X . . . . . .
where P, is the price of exports faced by foreign consumers and P/ is the price of competing
foreign products. We now introduce intermediaries (located abroad) that buy Danish exports at

. . .o 5X .
price PX and sell these exports to their consumers at the price P, . With free entry and no

. =X
additional costs we have P, = PX.

Assume now that intermediaries face monopolistic competition and have an adjustment cost of

setting their price. The optimization problem becomes

-1
P, =arg ngax [pz-,t — PtX] X [pl}z} —[9¢ + Brs19141]
i,t
t

The first order condition of each intermediary is

1 8gt 8gt+1
1—n[pis— P~ ) - [ + =0
< 7 [p ! k } Dit Opi ¢ P Opi ¢

-n
Dit
=X
Py

Xy

and imposing symmetric equilibrium p; ; = P, this writes

—X
th __"n PtX . I [ dgt + thH}
n—1 n—1X; [Opiy Opi ¢

The expression shows that one can have zero (or close to zero) markups (the difference
X

P, — P;X) without having perfect competition. On the other hand, as 7 — +o0o we do have
=X X T

that P, =— P;* (perfect competition implies zero markups).

There is also an adjustment cost in the expression above and is defined as the following:

~ . PF 27
Gt = % |: p ;t/ tF _ 1:| Pt)(Xt
2 [pig—1/Pi4

Defining the price ratio R; = ?tX/PtF and imposing symmetry yields

& n PtX 1 R {8% I 39t+1]

tin—lpifin—lyt Opi Opi ¢

LA
api,t Ri_4 Ri_4

and
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=X
0Gi+1 N 7Pt+1 0gi+1

Opi ¢ ﬁtx Opi 41

Multiply by the factor ’7771 to obtain the expression:

-1 PX 1 R [0 0
RtELRtZ%— t[ 9t+ 9t+1}
n P n—1X; [Opis Opi ¢
and define the auxiliary variable
\I/thE 1 &391: waRt|:Rt 1:||:Rt:|
Nn—1Xi0piy ~~  |[Ri Ry
b
n—1

we obtain the expression for the price ratio

PX
Ry= - — 0 43

F
_ P Xig1 o xy
= pF

Pt

t+1
PF X,

After having derived the dynamic relationship determining the price ratio we will comment
some of the variables from above. Going back to the initial demand function we can see that

using the Ry ratio is equivalent to redefining the scale parameter p

-n
Py = {n } Iz
n—1

as well as redefining the adjustment cost parameter

i

Xy:
(G p—

The value of 7 is not separately identifiable which implies we cannot judge how competitive the
intermediary price setting market is. Irrespective, what matters is that the problem is well
specified for any finite value of 7 > 0, and for any large value of 1 we have that u~¥ ~ y and
that, as it should, the price ratio approaches its spot value R; — P/X /PF.
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Labor market

The labor market contains heterogeneous households (unconstrained and “Hand-to-Mouth”
type of households age 15 to 100) and firms. Households choose the amount of working hours
and their labor market participation. Labor demand comes from firms posting their optimal
amount of job vacancies, and a matching function brings vacancies and workers together. The
model closes with bargaining between agents representing workers and firms, setting the market

wage. The model aims to reproduce the level and behavior of Danish employment and wages.

A difficulty when formulating the labor market is that there is heterogeneity on both the supply
and demand side - a life cycle with workers of different ages and multiple sectors on the firm
side. We therefore build the model so that the household side is age-specific and the firm side
is sector-specific, but the two dimensions are never present simultaneously. In addition, there
are two types of households, the constrained /impatient and the unconstrained/patient, and we
solve the model so that both types have the same labor market decisions. The following are the

key assumptions we make:

Firms cannot choose who they hire. Firms and workers meet randomly in the matching process,
and once the meeting takes place, it is never optimal to send the worker away, irrespective of
how old the worker might be.

Optimal labor market participation and hours are age-specific but not sector specific. The
worker cannot choose which sector she will be employed in and cannot voluntarily quit a job in

one sector to join a different one.

For computational reasons, we do not solve for the age distribution of workers inside each firm
and instead impose that it is always the same for every firm. The data shows that the average
age of workers is the same across firms of different sizes and for firms that are expanding or
shrinking in terms of labor force size.

Finally, it is not the purpose of the model to unconditionally forecast long run trends in labor
market participation or hours worked. Rather, these are exogenous inputs to the model's
baseline based on detailed demographic projections including education, gender, and

immigration status (Befolkningsregnskab).

Household problem

There is an exogenous number, IV, ;, of households of age a in period ¢. In this chapter, we
interpret each household as containing a unit mass of agents who share the unemployment risk.
We suppress the index within cohort heterogeneity, 7, as we let labor supply be identical for all
households of a given age. Households aged a at time ¢ survive into the following age and

period with probability s, +. When a household dies its entire unit mass of members dies with it.

Let 0 < gz + < 1 be the fraction of the household unit mass of workers employed in period .

At the start of each period, agents in a household of age a can be in one of two labor market
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states: those who have kept their jobs from the previous period, (1 —da,¢) g5 1 1, and the
remaining 1 — (1 — d4—1,1-1) g5_1 ;1 that start the period without a job. The object d,  is an
exogenous age-specific job destruction rate. After decisions are taken in period t and the market
clears g , are employed. From the household point of view employment evolves according to

qﬁ,t = (1 - §a,t) q271,t71 + xtqg,t (7'1)

where q; ; is search effort and z; is the job finding probability. We now define a measure of

labor force participation®® as the sum of the employed and the unsuccessful search effort:

! e s
qa{t =gz + (1 - ‘rt)qa,t (72)

Total employment, n; = n¢ + n! , contains the employment of residents, n¢ = > 06 Nat,

plus a number of workers that are not residents, n/ (see section 7.2).

Household problem

We extend household utility to include disutility from hours worked, h ;, and from labor

market participation, quft. We have then

Lf

aUel 1t VO Zat it
Control Scaling Control  Control N
Hours Participation

h

N ) AP E L T TTAN
Ua,t(ca,t7 Da,t) - Za,t pa,tq (ha,t) + :’a,t + Za,t (1 - )‘a,tqd,t)
~—~

a,t 1+nh linlf

Control Scaling Control Control Y
Hours Participation

The Z,+ controls are exogenous to the household and used to control for stationarity, and, in

line with Gali, Smets, and Wouters (2012), to eliminate the marginal utility of consumption

from the first order conditions. EZ,t is a control relating to hours which is exactly equal to the

hours term, such that the participation choice is not affected by a second order effect relating
to hours. This is similar to a subsistence consumption assumption, just for hours worked. The

objects )\fl{t and )\Z_’t are calibration parameters. As job search and hours worked vary by age in

h
a,tr

the data the disutility parameters, )\Zt and A\ ,, vary by age to match these patterns. Note

Lf

a,t

that the CRRA disutility of labor market participation binds labor market participation ¢
below one for all age groups; and as the probability of finding a job is also in the unit interval,

so is employment ¢¢ ,.

Utility maximization is subject to the budget constraint

59 We calibrate this measure to be identical to the concept of the gross labor force (brutto-arbejdsstyrke) in
aggregate, but not by age.,
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o = (1 —7ay) thZ,ch,t qg,t (7.3)
~~
yearly wages after taxes employment
1 ]
+ (1= Ta) bat (4 — 5. (7.4)
—_——
unemployment
+ (]- - Ta,t) ba,t (]- - qi{t> (75)
—_——

out of the labor force

The household’s after-tax wage depends on their effective tax rate 7, the market wage wy,
age specific productivity pg , and finally the number of hours worked hg ;. b, 1 is the
unemployment compensation received by those that are unemployed or out of the labor force,
and II, ; summarizes all other budget constraint terms which do not appear in the problem at
hand. As we do not make compensation contingent on search, the budget constraint simplifies

to

Ha,t = ba,t + [(1 - Ta,t) thZ,thg,t - ba,t] q;:,t (76)

which says that every household member earns b, ;, and working members earn an additional
wage premium (1 — 7,¢) [wtp;thfl,t — ba,t]. As the tax rate depends on the household's labor

market participation and their number of hours worked, we write the wage premium more

A, , . . . .
generally as qud' From this wage premium we define 7’ , as the net benefit replacement rate

a,t
of a household on the extensive margin of the labor market, i.e. the income after taxes and
subsidies received by a household that is not employed, divided by the income received by that

household if they found a job.

aHa,t/aqg,t

’ (1= 7az) wipg 1 hg

This rate determines the incentive to search for a job and participate in the labor market. The
net replacement rate rgyt is exogenous to the model and based on calculations from the

Ministry of Finance's models of rules and administrative data (Lovmodeller).

The effective tax rate, 7,+, is likewise a complicated function of income and deductions, but
crucially depends on the number of hours worked by the household. Rather than specifying this

function here, we define the marginal income tax rate directly as:

Ol ¢ /OhG ,

e
wtpa,t

m
1-— Tot

The level of age specific marginal tax rates 7", are also based on Ministry of Finance

calculations, but move endogenously with shocks to tax rates.

We are now ready to maximize utility subject to the budget constraint and obtain the

first-order conditions for participation and hours.
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Optimal choice of hours

The first order condition for household hAg , is:

e
] c wtpa,t
a,t c

by

[lfrm

a,t

Wi h

Ust [1 - Tm] = Zzib,t (AZ,ch,t)n (7.7)

it e
a pf
where Z;L,t = Zg.1 75,7 The term Z}” is used to control the impact of after-tax real wages.
The term Z; , is used to eliminate the wealth effect from this equation.®® We let the Z terms

be defined as

Wy
w
Zp =L
2
(& — C
Za,t - Ya,t

Eliminating the impact of real wages and marginal utility of consumption, the only remaining

endogenous channel is from the marginal income tax rate 7.

1
1 1 =777
he, = — | —=2= 7.8
@ )‘ZL,t [ Zay ] (7:8)
By default, this effect is also eliminated by setting Z7 , = [1 — Té’ft], however model users can
enable endogenous effects of shocks to marginal taxes on hours worked by exogenizing Z;t.el

In that case, the elasticity of hours worked to the marginal tax rate is

Olnhg, 1

OTa nh [1 — T;'}t]

Optimal choice of labor market participation

Inserting the household law of motion of employment, (7.1), in the definition of qi{t (7.2) we
get an expression for qfl{t (labor force participation) as a function of the household’s choice of

employment rate:

1 ot 1—m .
g1, = Jot _ ( ) (U= 60t dfrs s (7.9)

Tt Tt

Using this and the first order condition for the g5 ; (employment) yields the optimality
condition:

60 The standard is to assume Z¢§ , is a function of average marginal utility which in symmetric equilibrium equals
the individual marginal utility. With the pooling assumptions within the unit mass of each household, and the
assumption that all households are identical the average and the marginal are always identical but the symmetric
equilibrium concept remains.

61 We do not model the long run downward trend of the workweek. Z¢ rules out the income effect (higher
consumption implying lower marginal utility) and Zg 4 rules out the substitution effect of higher taxes (funding
the expanding welfare state) in the baseline. An trend in preferences Ag’t can be used to match an exogenously
imposed trend in the baseline.
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Lf

A\
Zzlz{t a.’tlf = Tt
1—qq54 e

probability of finding a job

marginal disutility of search

C

t -
pr (l—r )(1—Tat)wtpat at atpW :Z}t
t

=disutility from hours worked

wage premium disutility from hours worked
1 A "
— T4l l a+1,t+1
bosaelbune) 8 () 2 (7.10)
~~ Tt+1 1= 451041

probability of surviving with a job discount factor

saved disutility of search

Optimality trades off current against future marginal utility, where 3 is the relevant utility
discount factor and s, ; is the survival rate. Extra engagement in the labor market today brings
an immediate disutility of search, but with probability ; (the job finding rate) leads to
additional employment. In case of finding a job we earn a wage premium (1 —7r?% ) (...), but
get disutility from hours worked. With probability s, ¢ (1 — d,,) we are alive and still have the
job the following period and save the disutility from having to search. Specifically, a retained
job means we can lower an 41 by (11%“) and still get the same level of employment, as
shown by the law of motion for ¢!/ (7.9).
We now define ZY, = 22,27 2% 2!, Z,.
ﬁ,_/

Zyy
As before, Z7 , eliminates the effect of the marginal utility of consumption, Z;” eliminates the
effect of real wages pr. productive hour, and Z7 ; eliminates the effect of marginal taxes. In

addition, we define

P _ e e
Za,t - pa,th’a,f

which eliminates the effect of age-specific productivity and hours worked.

Dividing through by Za '+, the participation condition (7.10) can be re-written as
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probability of finding a job

marginal disutility of search
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— (1=,
Z1 27, (=ras)

wage premium
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probability of surviving with a job
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If Lf
Za,t — 441,641

Tt41

discount factor saved disutility of search

I
)‘d),ct
1
1- qa{t/Aa,t

marginal disutility of search

= :L‘t

~—~
probability of finding a job

(1 — 7o) (1 b t)

rb 7T
Za,t a,t

wage premium

1
P ) \ n'!
a+1,t+1 — Tt41 a+1,t+1
+ Sa,t (1 - (5a+1,t+1) ﬂ Zlf T 1 if /A
t+1 —q
)t 1,641 a+1,t+1
probability of surviving with a job ¢ atlit .

discount factor saved disutility of search

The elasticity of labor supply with respect to changes in the net benefit replacement rate is

Lf

l l - !
Oln qa],ct . 1 T 1 (]- - Ta,t) Aa{t 1- qa{t
el - fat

37’2,t n'f Zg,bt at 1- sz{t qé{t

Finally, we define the last control variable ngt as
U 1pb_q
L (1 —7au) N
= T - (1 - Tll,t)

b
T
Za,t a,t

The parameter n'/ determines the effect of labor market conditions, as measured by the job
finding rate x;, on labor force participation, while 7,” corresponds to the inverse elasticity of

labor market participation wrt. to the net compensation rate.%?

62 The elasticity 7'/ induces too strong a reaction of participation to changes in the finding rate late in life (after
age 80). Rather than make the elasticity age dependent we choose to exogenize a fraction of the labor force at
those ages. The resulting employment income is aggregated, and it is the appropriate average that enters the
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Non-resident workers

In our model, total employment includes employed residents in Denmark and non-resident
workers. Above, we outlined the decisions made by resident households. However, we assume
that firms do not distinguish between residents and non-residents when they hire. Non-residents
workers are cross-border agents that work in Denmark, but live abroad most or all of the year.
These non-resident workers are not part of the resident population N, ; and they do not have
any direct consumption in Denmark. Non-resident workers provide search input, n;{ into the
matching function and generate employment nit. They face the same job destruction rates
and die and migrate at the same rate as the locals, and they stay in their jobs when they are
not destroyed but do not demand local consumption or housing. However, in order to match

the data, they have different productivity and work different hours than resident workers.
Non-resident workers have the same probability of finding a job as local job searchers, x;, and
the number of employed non-resident workers obeys the law of motion

nf =1 -4, nLl + and

The total number of cross-border persons who are either employed or searching for a job in

Denmark can be written as
Ntf =(1- 5t>”{—1 + ”Zf

We assume that this total is exogenous. The number of non-resident workers searching for a

job is then endogenous and given by
nyl =N/ —(1-é)nl_,

E.g. when the job-finding rate is higher, more potential migrant workers find employment,
reducing the search input of non-resident workers in the following period.

Since non-resident workers only enter the model through the firm and the matching function,
their age decomposition is irrelevant, and only their aggregate contribution matters. Our
default assumption is that the number of hours worked pr. non-resident worker is proportional
to that of Danish households

e e
hf Z ha,tna,t

hzjfc = My E ne
a,t

f

where ,u? is calibrated to match the data.

Firms

What follows applies to all private sector firms in the model while the public sector is treated

differently. There is a unit mass of identical firms in each (private) sector s. Employment in

budget constraint and affects the consumption decisions, which do not have these exogenous components.
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the firm is given by the measure n; which sums residents and non-resident workers.

Total workers in sector s, ns ¢, contribute with a total amount of productive hours ps ths ¢ns ¢,
where p; ; is the productivity factor and h,; is the hours factor in the firm. We cover their link

to the productivity and hours of the households in section (7.5.1) on aggregation.

Firms post vacancies and the economy wide matching function, m;,, dictates their success in
filling them (see section 7.4 for details on the matching function). The matching process
occurs in period t, after which employment is determined and production occurs. The firm
cannot affect the hours worked by its employees and takes them as given. An effort/utilization
choice by the firm is added to the model to help generate pro-cyclical value added per worker.

Utilization is discussed in the production chapter.

7.3.1 The problem of the firm

Firms maximize profits and choose an optimal amount of labor input. When firms post
vacancies, they hire workers. Although workers are “attached” to hours and productivity, the
choice variable for the firm is n as the firm takes m as given. Current profits (as relevant for

the optimal employment decision) are given by

max w5 = (1=75,) {P2Yar (Lse) — we (14 7L,) psthsins,:} (7.11)
where 77, are corporate taxes and Y ; is gross-output as a function of labor input sold at price
pgt. Wages paid by firms pr. employee, w; (1 + Tit) Ps,ths ¢, contain payroll taxes and
subsidies Tﬁt, the market wage w; paid pr. productivity unit, sector specific productivity ps ¢
and hours pr. worker hy ;. The object n,, is the stock of employees as the employment
decision of the firm is a dynamic one, just as the choice of its capital stock. Below we will
derive the user cost of labor, pgt = pg_’t&'YS’t/aLS,t which is evaluated at firm optimization
price p¥. This optimization price is derived in the production chapter. The production input
us+Ls+ is a broad concept of “labor”. It is the total utilization u,; of the effective labor input
L ¢+ in productivity units. The effective labor input is net of hiring costs which are “paid” in

foregone labor input.

The first-order condition for employment trades off the marginal costs against the marginal
added profit for the marginal worker, and is given by

L astt

p aLs,t+1
s,t ans’t

ans’t

(1 - Tf,t) Wy (1 + Tit) ps,thst = (1 - Tsc,t) (7.12)

L
+ (1 - Tsc,t+1) Bs t+1P5 41

where

o Yy L 0Ys ¢

0
= = —_— U
Pst aLs,t s,t ps,ta (us,th,t) st

In the following subsections, we detail the components of the firm's problem.
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Wages and production input

We define L as the net amount of productive labor input that goes into the CES production
function. It contains sector specific productivity and hours ps ¢hs ¢, and the endogenous
adjustment for the fraction of employment used in the hiring process which we denote by x
(detailed in subsection 7.3.3 below):

Ls,t = ps,ths,t (1 - Xs,t) Nt

The cost of hiring is defined in terms of units of labor lost to production so that the total
number of heads actually producing output is given by (1 — x)n. Finally, the choice variable for

the firm is the number of workers, so that the relevant derivatives are

8Ls t a (Xs tNs t)
— = psihs 1 — &> 7/
On,, ettt ( Ons s

6Ls,t-‘,—l
ans,t

0 (Xs,t+1ns,t+1)

= —Po,t4+1Ns,14+1
p-S + s,t+ ans’t

Vacancy posting costs

A unit mass of identical firms in sector s posts vacancies v and the law of motion for
employment n is

Ner = (1 — 0) Mg -1 + Myt

The cost of posting vacancies is incurred in units of employment. We define an auxiliary
endogenous variable x such that x, n,,; equals total vacancy posting costs:

Y Nst Ns,t—1
= Ms,t j—
2 Nst—1 MNs,t—2

2
Xs,tTs,t = KUst + =1 +Amuvsy

Vacancy costs are comprised of three terms, 1) a linear vacancy posting cost, 2) a quadratic
labor adjustment cost, and 3) a matching cost which can be calibrated to match data on the
cost of training new employees. Note that in the current version of MAKRO this component is

set to zero.

The derivatives of total vacancy costs, wrt. to the firm's choice of employment, that go into
the first-order condition of the firm are

= 4+ L

O(Xsptnst) K Y { Mot Poit _1F+7{ Mot M-l _1} { Mgt /ns,t—1:| A

ong my 2 [Nep—1 Mst—2 Ngt—1 Mg t—2 Ngt—1 Mg t—2

8(Xs,tns,t) _ _(1 —5) [fi +)\] W Ns,t [ Ns,t /ns,t—l _ 1} [ Ng,t /ns,t—1:|
my

ans,t—l Nst—1 [Ms,t—1 ﬁs,t—2 Ngt—1 ﬁs,t—2
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where we have used the law of motion for employment to eliminate the vacancies variable, i.e.

using that

Nst — (1 — ) s p—1
my

Vst =

7.3.4 Detailing the first-order condition

By rearranging the first-order condition (7.12) we get the expression

aLS 1-— Tg N 8.[/5 -1
psL,t = wy (1 + Tsft) Ps,ths.t [ SN ( T ’ZH) ﬂs,t+1m:|

an&t — Tsit ans,t
where83
L
A o Ps.t+1
5s,t+1 = 5s,t+1 I
ps,t

Inserting the derivatives of L we see clearly that in lieu of vacancy posting costs, the user cost

of labor is simply the wage after taxes:

-1

Pﬁt — w, (1 + 7.8L7t> 1— 9 (Xs,tMs,t) _ (1 ~ Tsc,t+1) Aq t+1ps,t+1hs,t+1 O (Xs,t4+1Ms t41)

ans’t 1- Tsc,t ps,ths,t ans,t

hiring costs

or vice versa: firms post vacancies until the wage equals the marginal product of labor (user

cost of labor) except for the wedge caused by hiring costs:

1 0 (Xs,tst) (1 - Tsc,t+1) - 1p37t+1hs,t+1 O (Xs,t+1Ms,t+1)
- — s b+

L
wt = ps,t
L+7h Ons ¢ ps,ths,s On ¢

hiring costs

Note that sector specific hours and productivity disappear. This is consistent with the
assumption that firms pay the same wage pr. productive hour of labor, i.e. the sector
differences only reflect that the average worker in each sector provides a different number of
productive hours of labor. Shifts in the sector-composition of employment therefore do not

affect the total productivity units of labor available and does not directly affect total wages.

63 In order to ensure that actual employment converges with our model of structural employment on any stable
growth path, the default setting is to exogenize (35 ;41 such that it remains as it is in the baseline when we
shock the model. The first-order condition retains forward-looking behavior since the derivatives of L contain
endogenous variables.
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Link to CES optimization

The dynamic first-order condition provides the input to the CES minimization problem used in
solving the overall problem of the firm. The CES function is

_n_
n—1 n—1

1 —1 1
PEPEK Ly, = PP | (nF) T (KE)™ + (k)" (ulyLes) 7

On the budget side of the CES problem we have the total cost associated with all the labor

actually used, L:
pftELKELs,t = p‘ith,t +p§tEKEs,t

where the object pSL,t is the user cost of L. In the CES optimization problem we take a

derivative with respect to L;; and this yields

th 1 -
ug Lo = i KELg pKSéL .

s,t us,t

)

These equations are identical for all inputs.

The matching function

We use the matching function from den Haan, Ramey & Watson (2000) which is defined in the

following way:

S
Ty

m m ,r]m
(007" + (ng) /7

m (v, ny) =

The total number of searchers is the aggregate of households by age as well as non-resident

job-searchers:
, 1
i =t 3l N
a
and total vacancies is the sum of vacancies posted by each sector:

Uy = E Us,t
S

The labor market equilibrium condition states that the number of job searchers finding a job
must be equal to the number of vacancies filled and relates the vacancy matching rate m to

the job finding rate x:

Teny = My

The matching function specification has a few important properties. It has constant returns to
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scale and can be rewritten as a function of labor market tightness “:

(1) - [()/ i
ni ni

It is also bounded between zero and one. l.e. if there are no other vacancies, a firm that posts

m

N

a vacancy is sure to fill it. However, if there are no job-searchers left the probability of filling a
vacancy goes to zero. More importantly, the job finding rate x is also bounded between zero
and one.%* Combined with the condition that labor force participation q(ll{t is bounded, this
ensures that both unemployment and employment rates are positive for all ages. Finally, the
parameter n™ controls how sensitive households' and firms' probabilities of finding a job or
filling a vacancy are to changes in labor market conditions. 7™ is one of the key parameters

that we set in order to match MAKROQO's impulse responses to a number of empirical models.

Aggregation

Hours and productivity

Total labor hours match both the sum of sectors (demand) and the sum over households and

non-resident workers (supply):

hing = Z hsinst = Z (hi,tni,t) + htfn{
S a

Sector-specific hours per worker differ across sectors because workers who sort into different
sectors also differ in how many hours they work. We assume these differences reflect selection

and move with workers when they change sector. Sector hours per worker are therefore given by

h 10
hs’t = ft ) hs7t
where h?, is a calibrated structural parameter and f/* is an endogenous balancing factor.
Non-resident workers' hours per worker are proportional to the resident average (see section

7.2). In the forecast, f/* ensures that total hours on the sector (demand) side match total hours

on the household and cross-border worker (supply) side, i.e.

E hs,tns,t = hyny
S

Average productivity, p, is defined from the identity

prhine = Z (PGthame.) + p{hin

a

64 The finding rate as a function of labor market tightness is (%) = [(—q
t
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To ensure that the total productive units by sector also aggregates to the total, i.e.

pehing = Zps,ths,tns,t (7.13)

Equation (7.13) is ensured through endogenous balancing factors that shift sector productivity
while preserving calibrated relative differences across sectors. We first separate labor

productivity units between the public and private sectors

pihing = E Ps,ths,tns,t
S

E Ps,thsins,t + ppub,thPub,tTPub,¢
s#Pub

with public sector productivity ppyb,: exogenous.

This ensures that a change in public employment has a proportional effect on the public sector
payroll, before general equilibrium effects, and that changes in employment between private
sectors has no direct effect on the public payroll. Note that ppyy+ has no effect on public
production (see the chapter on public production), but ppyp w; is the hourly wage paid by the
government. Sector specific productivity is calibrated to match differences in hourly wages
across sectors, and only reflect differences in productivity insofar as differences in wages in the
data reflect differences in productivity.

Given public sector productivity, the productivity in each private sector is given by

psit = f{ 115 ¢ ppriv,e | s # Pub

where ugt is a calibrated parameter which controls for relative productivity (hourly wages)
between private sectors and ff is an endogenous balancing factor. In the forecast, f{ ensures

that productive units in the private sector aggregate consistently, i.e.

pPriv,thPriv,tnPriv,t = § ps,ths,tns,t
s£Pub

The interpretation is as follows: Differences in wages between sectors are entirely due to
differences in productivity tied to the composition of workers in different sectors. Shifts in the
sector-composition of employment therefore does not affect the total productivity units of labor

available and does not directly affect total wages.

Employment law of motion, firm’s point of view
Total employment n; follows the law of motion

ny = (1 — (St) N1 + MUy
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Since we make the necessary assumption to ensure non-resident workers have the same law of

motion as residents we can write

N,
Yoo (L=bat) G 1w o

1-4; =
e
Ea na—l,t—l

where the aggregate destruction rate J; is now endogenous (although exogenous to the firm).
Unlike the age-specific job destruction rate, the aggregate job destruction rate J; includes job
destruction due to migration or death - both effects are captured by the change in cohort size

% (see Appendix 7.7.1).

Because the firm cannot choose whom it hires, it effectively always hires the average job
searcher. Then, as we impose the same age distribution inside every firm irrespective of sector,
all firms are the same in this respect and face the same job destruction rate. Since they do not

control who they hire, they do not control the job destruction rate either (see Appendix 7.7.2).

Wage determination

We have derived the equations determining optimal search/participation (labor supply) and
optimal vacancy posting (labor demand), but in both cases taking the wage level as given. To

determine the wage level, we use an adapted Nash bargaining problem.

We assume a unique bargaining agent on both sides of the market which aggregate, on one
side, preferences of all firms from all sectors, and, on the other, preferences of all workers of all
ages. We also assume that these agents, which we can call unions, are “distant” from their
firm and worker constituents and solve a simplified problem on their behalf. These assumptions
allow for a degree of freedom in setting up the surpluses that enter the bargaining problem.
One other important assumption is that although we consider a single bargaining problem that
includes all agents, the intervening unions disregard the impact of the wage on equilibrium
employment. Finally, we model wage rigidity directly in the bargaining problem through an

adjustment cost function that extends the usual Nash bargaining surplus.

Bargaining

The solution to the bargaining problem results in a bargained wage w,. Wage rigidity is
introduced by adding a cost function to the standard Nash formulation. This cost function
captures a utility loss of changing wages as perceived by the bargaining agents.®® It also makes

the problem dynamic.

Let .S; denote the surplus of the unions representing the workers and J; that of the firms.
These surpluses which enter the Nash bargaining function are given by the difference between
the value of agreement and the value of disagreement for each party. Disagreement is an out of

equilibrium event that never happens in model (we do not model labor disputes explicitly).

65 Ljungquist and Sargent, (2017) discuss standard formulations of the bargaining problem. The cost function
draws on Kravik & Mimir (2019) and we use it also in the price setting problem.

DREAM - MAKRO 105



MAKRO Documentation
Labor market

In the case of the union representing workers the surplus is

S ('lUt) = (]. — ’7_'t) pthtnt Wy — O
~——

5

where 7, is the weighted average of the marginal income tax rates®

m € e e = f f f m () e e
- Za Ta,tﬂa,tha,tna,t + Tepy hyny . Ea Ta,tpa,th‘a,tna,t
= hen S0 pe ke ns
Pl apa,t a,t'a,t

and o, is an outside option value which is exogenous to the agents®’.

On the firm side the surplus is the difference between the marginal product of labor and the
wage paid. Payroll taxes, quadratic hiring costs, and effective hours pr. worker differ across
private sectors, but the bargaining problem is solved by a single, economy-wide firm-side agent.
To keep the aggregate problem tractable we make the following sector-aggregation assumption:
the firm-side agent treats every sector-specific quantity entering its surplus as equal to its
private-sector aggregate. The approximation is exact whenever those rates are uniform across
sectors, but otherwise ignores cross-effects between some of the sources of sector variation.

Under this assumption the firm surplus collapses to a product of private-sector aggregates,

J (we) = [1= 7] pehune (pf — [L = xa] [L+ 7] wy)

where p:h:sn; denotes aggregate productive labor input over the private sectors. The share x;
measures the fraction of labor resources absorbed by vacancy posting and matching rather than

entering production as effective labor ¢F = (1 — x;) pthsny (see subsection 7.3.2).

It is useful to divide the firm surplus into two parts: 1) the value of the labor to the firms after

taxes, J;', and 2) net wages paid, J; - w;:

J (we) = [1 =77 pehunapy — [L = 7] pehane [1 = xo] [1+ 7] wy

J —Ji

The firm-side ratio entering the bargaining FOC simplifies to

A pf
=Ji =] [+ 7]

Suppressing taxes and the vacancy wedge makes it clear that the heart of the firm’s bargaining

surplus is the wedge between the wage and the marginal product of labor:

66 \We assume that non-resident workers pay the same taxes as average resident workers.
67 \We model the outside option as a constant share of the sum of wages, weighed by the job finding probability:
ot = pu°S,zrwy

The expression for the outside option can be interpreted as a share of the period and foregone wage 1 — ;1° wasted
in negotiations, after which the job seeker can find a different job with probability z:. Without better empirical
foundations we are not ready to directly link unemployment compensation to the wage bargaining process, and we
allow for the idea that searching for a different job is also an important outside option in decentralized negotiations.

DREAM - MAKRO 106



7.7

MAKRO Documentation
Labor market

J(wt)zpthtnt Pf — Wy
e~

scale MPL wage

The vacancy wedge, [1 — x¢], exists because the cost of posting vacancies is a sunk cost in the
bargaining situation. The firm’s expected value of posting a vacancy is zero in equilibrium, but
the value of a vacancy that has turned into a match is positive. The value of a match is often
called the matching surplus, and it is this surplus which is bargained over and divided into a
bargaining surplus for the worker and a bargaining surplus for the firm.

The bargaining surpluses are mostly static and wage dynamics primarily enter the bargaining

problem through an adjustment cost function. We define the bargaining loss function as

L= (S)' ™% (J)" — Gy (7.14)

where G(-) is a wage adjustment cost and ¢; is the Nash bargaining power parameter. We now

specify the adjustment cost function G; = ¢¢ + B¢4+19t+1 Where

“OI wy  we— 2
0=" [t/tl _ 1}
Wi—1 W2

and where W;_5 is an exogenous object which in equilibrium satisfies w;_o = W;_o.

The bargaining problem then consists of maximizing the loss function (7.14) with respect to w;,

yielding
[ 1—¢¢
O¢ J;_ (St) (Jt) 1 (‘3gt 8gt+1
wy = Qr— — |1 — — — | | 7w — 2 w 7.15
¢ = bt S/ (1 — ¢4] 7! + i wr | |aw, Bt+1 Buwgsy U (7.15)
~constant
For computational efficiency we replace the term [W uﬂ with a constant as there is
tYt

no discernible difference between IRFs from holding it constant vis-a-vis letting it be

endogenous. Note that the wage rigidity term is zero in any steady state.

Inserting the firm-side ratio derived above together with the outside option of the worker

representatives, o; = p°x:Sjw;, and solving for w; in the bargaining FOC yields the bargained

wage
1— L
U%{1_@2%J[l—xfh+wf]+“m$r®mwk
Appendices
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Aggregating household employment with migration
Population flows obey
Na,t = Safl,tleafl,tfl + Ia,t - Ea,t

where I, ; are immigrants and I, ; are emigrants. Households making the choice described
above are those surviving from the previous period. Those that survive from on period to
another and stay in the country are denoted as; N1 +—15q—1,+—1 — Eq+. Emigrants E, ; are
identical to other residents except that they leave the country. Employment for a household of

age a evolves according to the accumulation-equation

qZ,t = (1 = az) qZ—l,t—l + xtqu,t

Immigrants [, ; come into the country and we assume they obtain the same employment ¢ ,
as residents. We also assume that immigrants have the same search behavior as surviving
households. However, they do not have an employment history in the country. This implies
that some immigrants enter with jobs, so they do not have to search. This accounts for the

employment quantity g/ 1, ;. We have then

e __ s I
Qa,t - xtqa,t + qa,t

This sums to

Ea,t

Na,tqs,,t = (1 - 5a,t) <5a—1,t—1 N .
N—— a—1,t—1

e
a,t

e
> qa—l,t—lNa—Lt—l

n

+2eq5, (Sa—1.6-1Na—1,0-1 + Lot — Eat) +05 Loy

ng =Na,tq; ,

Now assume that

qg,t =(1—da,) qz—l,t—l

so that

Eat Iat )
) il e S
n + xn

a—1,t—1 tlia t

No—1,t-1 No—1,t-1 ’ ’

"Z,t =(1- 5a,t) (Sa—l,t—l —

Naﬂf e
N . Ng—1,t—1
a—1,t—1

= (]. — 5a,t)

S
+ TeMg 4

Given this construction, we do not have to know the number of immigrants and emigrants. All

we need to know is the total population.
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Imposing the same age distribution on every firm

The result of the household’s first order condition for participation/search is that employment
will vary by age. However, we do not want to add the sectoral dimension to the disaggregated
employment variable. In order to do this, when we solve the problem of the firm we do not
solve endogenously for the age distribution of workers inside the different firms/sectors indexed
by j. Instead we impose exogenously that this distribution is the same across all firms in the
economy.®® We also choose not to allow for differences in the job destruction rate across
sectors arising from other factors. Evidence from administrative data on wage earners indicates
that the average age of the labor force is independent of firm size and also uncorrelated with

whether firms are reducing or expanding their employment.%®
We force the same distribution using the relationship

st

5

Na,s,t = Na,t

Ny

Given our assumptions, we never have to use the bigger object n, 4, since on the production
side the age distribution does not matter and so we only care about total employment inside

the firm.

Different average wages across sectors

Although in our model both labor supply and demand are anonymous, resulting in all firms
hiring the same average worker looking for a job, and employing the same average employed
worker in the economy, we observe in the data that average wages differ across sectors. It is
possible that this reflects the heterogeneity of workers employed in different sectors, a feature
which is ruled out in our model. In order to match the data on both employment and average
wage acoss sectors we need a reduced form mechanism that will allow us to do so without

breaking the two sided anonymity of the labor market.

The mechanism described here attaches different productivities to workers working in different
sectors, while the workers themselves are identical wherever they happen to work. A three
sector example helps illustrate it. We first impose the identifying constraint which attaches a

relative sectoral productivity factor pi to sectoral employment, while keeping the total constant:

w 1 w 2 w 3 _ T
P1eM + PNy + P3Ny = E Ny =Ny

(2

Given this constraint, calculate the average wage per sector in the data and compute the ratios:

w 1 w 2
Pre _ Wy 13 P2 _ Wy 23
710 = 73 = u}t 5 711) = 73 = wt
P3t Wi P3.t Wi

68 Different sectors will move differently over the cycle. And age specific population does not move evenly over
time which implies neither will the labor force. All firms from all sectors hire the “average job searcher” from
the currently available pool in the economy. As firms from different sectors hire different amounts over time the
age composition of labor inside firms across sectors will differ, while it is the same in all firms within a sector.
Keeping track of the age distribution within each firm/sector greatly increases the dimensionality of the model.
69 Job Destruction and Job Finding Rates by Age in Danmark. Dream Working Paper, May 5, 2021.
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Note: the objects wij are data for the period where data exists, and are forecasts for the
subsequent periods. They are an exogenous input into the model. This allows for the

endogenous calculation of pg';:

pay = o
3t —
wt13nt1 + wf?’nf + n?

and of course of the other two as well. During data years we use observed average wages and
employment, and in the forecasting years we use a forecast of relative average wages to
calculate the p’,. This mechanism preserves the search model. It is consistent with the
randomness of matching. Which means the household problem is unaffected because of the

initial identifying constraint. And it can be interpreted as a proxy for heterogeneity.

7.7.4 Labor market variables
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Table 7.1
Households and non-resident workers

Documentation Code Definition

dat Nay nLHh[a,t] Employment

ng 4 nLHh[a,t] Employment

qfl{t - Ng.t nSoegBaseHh|a,t] Sum of job seeking and employed

n'f eDeltag Parameter controlling the elasticity of labor force participation from
changes in the job finding rate

n" eh Inverse labor supply elasticity - intensive margin

Sat rOverlev|a,t] Survival rate

Oat rSeparation|[a,t] Job separation rate

0t rSeparation[aTot,t] Job separation rate, total over cohorts

Ty rJobFinding]t] Share of job seekers who get a job

)‘Zt uDeltag][a,t] Preference parameter for labor market participation

AL, uh[a ] Preference parameter for hours

Dot qProdHh[a,t] Age dependent productivity wrt. education and composition effects

Ty mtind[a,t] Marginal income tax rate

hg 4 hLHh[a,t] Age dependent hours worked

h{ . n{ hLxDK{t] Total work hours for non-resident workers

b, mrKompla,t] Marginal net benefit replacement rate

Qo Nay nSoegHh[a,t] Household job seekers

ni nLxDK]t] Non-resident workers

nf’f nSoegxDK]t] Job seeking potential non-resident workers

N/ nSoegBasexDK]t] Sum of non-resident workers and job seeking potential non-resident
workers.
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Table 7.2

Firms

Documentation Code Definition

Nt nl[s,t] Employment by sector

Ps.t qProd]s,t] Productivity of labor by sector

Vst nOpslag]s,t] Vacancies by sector

Bs,t fDiskpL Exogenous discount rate on demand for labor

K uOpslagOmk Linear job posting cost

y uMatchOmkSqr Quadratic job posting cost

A uMatchOmk Linear job match cost

my rMatchlt] Share of job postings resulting in a match

Xs,t rOpslagOmk|s, ] Share of worker inputs used for hiring costs

hs.t hL2nL[s,t] Sector dependent work hours per employee

hst-mst hL[s,t] Total hours worked by sector

hi uhLxDK[t] Scale parameter linking non-resident hours per worker to the
resident average

8%717:7?”) dOpslagOmk2dnL|s,t] Derivative of hiring costs wrt. number of employees

%ﬁl’t) dOpslagOmk2dnLLag][s,t] Derivative of hiring costs wrt. lagged number of employees

Ly ql[t] Effective labor

gisz dgl2dnl][s,t] Derivative of effective labor L wrt. number of employees

aii“t'_tl dgLd2nLlag[s,t] Derivative of effective labor L wrt. lagged number of employees

psL,t pL[s.t] User cost for effective labor in production function

L, tL[s,t] Rate of net payroll taxes and subsidies, self-employed included

TSt mtVirk][s,t] Corporate marginal income tax by sector

Bs.t fVirkDisk[s,t] Firms' discount rate

Us rLUdn([s,t] Capacity utilization of labor
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Table 7.3
Matching and Wage Bargaining

Documentation Code Definition

nm eMatching Exponent in matching function

wy pWI[t] Wage per productive unit of labor

Wy - Py vhW([t] Average hourly wage

o rLoenNash][t] Nash bargaining weight

S, dFF2dLoen]t] Derivative of the union’s value function in wage bargaining wrt. the
wage

ot vFFOutsideOption]t] Outside option value of the union in wage bargaining
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Structural employment and out-

MAKRO calculates structural employment endogenously based on a modified version of the
labor market framework. Most importantly, we remove nominal frictions stemming from the
rigidity in wage bargaining and remove the real rigidity stemming from matching frictions. The
assumptions behind structural employment are described in more detail in Section 8.1.

From the estimates of structural employment, the model also calculates structural output,
specifically structural gross value added. We define structural output as the output that would
be produced given structural employment, but conditional on the actual capital stock. To
compute this measure, the model employs an aggregate production function that takes actual

capital and structural employment as inputs. This is explained in more detail in Section 8.2.

The estimates of structural employment and output are essential for calculating the structural
budget balance, which considers the effects of the business cycle on government revenues and
expenditures. The Ministry of Finance relies on the gaps between actual and structural levels of

employment and output, which can be forecast using MAKRO.

Both the output gap and employment gap are critical macroeconomic indicators that are
typically measured empirically. The structural model presented in this chapter aligns with the
Ministry of Finance's estimation approach™, allowing the model to be calibrated to match the
estimated gaps. Therefore, the model can be utilized to close these gaps endogenously or

provide conditional forecasts of the effects of shocks or policy interventions.

It is important to note that MAKRO does not unconditionally forecast the structural labor force
or hours worked. Instead, these variables are treated as exogenous inputs based on detailed
demographic projections that account for factors such as education, gender, and immigration
status (Befolkningsregnskab). Therefore, the model's estimates of structural employment and
output are conditional on the assumptions underlying the demographic projections.

Structural employment

Structural employment is primarily determined by the structural supply of labor - the labor
force, which is an exogenous input in the model's baseline. Structural employment in MAKRO
is caused by real frictions in matching workers and firms. These frictions are structural, but
they are also a source of short run rigidity. To move from actual employment to a structural
measure, we need to remove the short run rigidity effect of matching frictions while
maintaining their effect on structural unemployment. We achieve this by letting structural
employment reach a quasi steady state in each period. Employment levels per se cannot be
constant with changing demographics, but rate measures such as employment relative to
population and unemployment rates can.

70 “Finansministeriets beregning af gab og strukturelle niveauer” (Finansministeriet, November 2020).
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The labor market in MAKRO is constructed so that long run employment is independent of

wages and prices.

8.1.1 Law of motion of structural employment
The law of motion of actual employment is

ne Na,t
a—1,t—1
" No—1,1—1

= qs,tNa,t =(1-4da) qul,tlea,t + xmi,t

g = (1=04)

S
+ TiMg 4

where ¢ ; is the employment rate, J, is the job separation rate, z; is the finding rate and n; ,

is cohort total search effort.

To get to structural employment we modify this law of motion. First, we replace the job
finding rate and search effort with their structural counterparts x; and ng”. Second, we
replace the lagged employment rate g,—1,¢—1 with the the structural employment rate in the
current period g;_; , while maintaining the life cycle aspect of employment by retaining the lag

on the age index:

* Sk

Nat = (1—0da) qsil,tNa,t T XN

N,
— ex* a,t * Sk
- (1 - 50«) na—l,tN + Ty na,t
a—1,t

We can write the aggregate law of motion of structural employment as

ex * ex *__S%
ngt = (1=0;)ni"y +xpny

where the aggregate job structural destruction rate is

* Za (1 - 50«) qzez*—l,tNa,t
(1-6)=
' > 9551 -1 Na—1,t—1

8.1.2 Non-resident workers

The law of motion of non-resident workers is modified as above to remove the short run rigidity

effect of matching frictions (by letting employment reach a quasi steady state in each period):

"= (1= 6)nl" + iy
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Both the actual and structural labor supply of non-resident workers is based on the same
exogenous input - the total number of cross-border persons who are either employed or

searching for a job in Denmark, Ntf.

Based on this gross labor supply, the structural job-search of non-residents is
il = Nf (167 nf"

Structural choice of labor market participation

To calculate a structural level of households' labor market participation,
qflf:N = nlft =ng% + (1 — x7)ng%, we use the same optimality condition as in the actual
labor market, except for replacing the job finding probability and hours worked with their

structural counterparts:

N,
1_ qlf* . ,
probability of finding a job

marginal disutility of search

1N her)”
ng’t 1+nh

1- a
( bT’t) (1—7"Z’t)—

T T
Za,tZa,t

wage premium disutility from hours worked

lf * lf
+ Sau(1=0 ) BZaH,tJrl L=y >‘a+1 t+1
a,t a+1,t+1 f *
Za,t xH‘l 1- qa+1,t+1
probability of surviving with a job
discount factor saved disutility of search

In order to be consistent with the definition of structural employment used by the Ministry of

U
Finance, we exogenize the augmented discount factor BM in both the actual and
structural participation condition when evaluating shocks to the model. This implies removing
the dynamic effect of changes in real wages and marginal utility on the effective discount factor

used in evaluating the effect of participation today on future employment.

Structural choice of hours

The hours decision in MAKRO is already structural, although users can insert an exogenous

temporary gap between actual and structural hours worked:

1 1—-7n
h?‘;,t = he* + Eat [a] + fg,t
t

The labor utilization variable discussed in the production chapter provides a more general
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concept of effort, which may also capture unmeasured deviations in hours worked. Unlike hours
worked, labor utilization varies endogenously in MAKRO and gives rise to gaps between
structural and actual output. How we handle utilization in the structural model is covered in

section 8.2.

Sector composition

MAKRO does not model a structural composition of demand across production sectors.
Without an explicit structural demand side, the sectoral composition of output and
employment is not well defined in the structural model. To align with the Ministry of Finance's
estimation approach, public sector output and employment are assumed to be always structural.
We do not decompose private sector structural output or employment across production
industries; these quantities are only defined at the private-business aggregate. With the
simplifying assumptions made for aggregating sectors for the purpose of wage bargaining,
described in the labor market chapter, structural output and employment are independent of

the decomposition of the the private sector.

Structural labor demand

In the previous sections, we have calculated a structural supply of labor taking the structural
job finding rate, x*, as given. In order to get an equilibrium x* we also need a structural
demand for labor and a matching function that connects workers and firms. Structural labor
demand is specified at the private-business aggregate, in line with the sector-aggregation

assumption used in wage bargaining.

First we relate the structural vacancy matching rate m* to x*. As in the model of actual
employment, the number of job searchers finding a job must be equal to the number of

vacancies filled:

* S,f* lj* . k ok
Ly (”t + E na,t) =my v
a

To get a measure of structural vacancies, we start with the optimality condition for vacancy
posting from the main model, evaluated at the private-business aggregate under the
sector-aggregation assumption. The structural version replaces every endogenous quantity by
its structural counterpart, uses the effective statutory corporate tax rate and the average payroll
tax rate for private business, and drops wage rigidity and quadratic hiring costs (which vanish
in any steady state). This yields a structural user-cost-to-wage ratio p-* /w} that satisfies

* * * -1
ht+1 0 (Xt+1nt+1)

Lx*
Py
¥ ( hy ony

8 3
(1t |1 - 20
t t

+ Bt+1

The hiring-cost derivatives are evaluated at within-period structural values of productivity, hours

worked, separation, and matching rates, and the quadratic hiring-cost term is omitted because
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it vanishes in any steady state. We treat p~* /w} as a single variable in the structural block.

Using within-period structural values is consistent with the definition of structural employment
as a quasi-steady state employment with a fixed labor market structure. In the main model an
anticipated shock can affect firm hiring decisions even before the shock actually occurs,
however, for structural employment there is no affect until the change is implemented after
which the effect is fully incorporated immediately. Note however that very few shocks actually
affect structural employment. On the supply side, the net benefit replacement rate determines
households’ economic incentives to seek work, and demographics and preferences directly affect
supply. Changes in labor market structures such as hiring cost parameters, bargaining power, or
efficiency of the matching function also affect structural employment. Changes in demand for

labor on the other hand are largely irrelevant for structural employment however.

Structural wage

To close the model of structural employment we need a structural model of wage bargaining.
We start from the wage equation derived in the labor market chapter under the

sector-aggregation assumption set out there:

wt{ 1— ¢ ] PtL
L—¢epoms | [1—xo] [1 4 7F

] + {wage rigidity} .

The structural counterpart differs in two ways. First, every endogenous quantity is replaced by
its structural value (denoted by a star). Second, we drop the wage-rigidity term, which is zero
in any steady state and would otherwise contribute nothing to a within-period structural

relation. Cross-multiplying and dividing through by the structural wage w; then yields a single

equation in the structural user-cost-to-wage ratio:

(pf* /wy)

B ) T

] + deply. (8.1)

Structurally, the wage level is indeterminate; what matters for the structural labor market is the
ratio between the marginal product of labor and the wage, which is pinned down by the
structures of the labor market — primarily the bargaining power of the two sides, the
vacancy-posting cost share x;, and the outside option of workers. We therefore treat the ratio

pL* Jw; as a single variable.

Structural output (gross value added)

We define structural output as the output that would be produced given structural
employment, but conditional on the actual capital stock’’. With structural employment given
by the modified version of the labor market above, we can now model a measure of structural

output. Specifically, we model structural aggregate gross value added, Y*. To compute this

"1 See Vetlov, Hlédik, Jonsson, Kucsera & Pisani (2011) for a discussion on various definitions of potential output
and the decision of whether or not to condition on the actual capital stock.
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measure, the model employs an aggregate production function that takes actual capital and

structural employment as inputs.

Aggregate structural gross value added combines structural output in private business with

actual output in sectors assumed to have no output gap. At prices from the main model,

Yy = PPNV 4+ 3 P,
s€80

where Y;p'i"* is structural gross value added in private business and S is the set of sectors with
no output gap. This includes the public sector, extraction, shipping, agriculture, and housing.
The public sector is exogenous in the main model and not directly affected by the business
cycle; we additionally impose zero public sector employment and output gaps to match the
Ministry of Finance. We do not decompose Ytp'iv* or structural private employment across

production branches.

Structural gross value added in private business is modeled directly as a Cobb-Douglas
production function, in line with the assumptions that the Ministry of Finance uses when
estimating the output gap:

- x SR\ O . -«
Y;prlv :At (L?nv) (Ktpﬂ\i)

where L?riv* is structural effective labor input in private business and KP" is the aggregate
private-business capital stock from the main model, conditional on the actual capital stock as
discussed above. The labor share parameter « is set to match the estimation method of the
Ministry of Finance. Structural private employment in heads and hours is computed only at the
private-business aggregate; public sector employment and hours are set equal to actual
employment and hours, and the private-business aggregate is obtained residually from total

structural employment.

The total factor productivity A is calculated endogenously such that the same Cobb-Douglas
production function, but using actual rather than structural inputs, reproduces the output
generated by the CES production structure of the main model (see the chapter on production).
l.e. Ais given by

. . L\ @ . L\ 11—«
}/;PFIV — A, (utL,Prle?nv) (utK,anKfﬂ\1> (82)

Unlike for structural output, the inputs used in (8.2) depend on the variable rates of utilization.
Factor utilization varies significantly over the business cycle and is the source of the
endogenous productivity gap in MAKRO. Utilization is modeled such that is always 1 in the
long run and we define structural output conditional on utilization being 1 structurally. Actual
labor and capital inputs in (8.2) are the private-business aggregates from the main model, and
utilization rates are aggregated at the same level.
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Public production

Public sector output consists of all the different goods and services provided by the state, from
education and health care, to the judicial system and defense, and to child care, elderly care,
etc. This output, Yg, is not exported. It is entirely consumed domestically. The vast majority

of these services are paid for using tax revenues or using the intake from public debt issues.

A small share of public services are paid directly by private agents, as is the case for some
co-payments for health care and education. These private payments are included in household
consumption of services and we denote this private consumption of government supplied
services as CPP. The government also makes direct investments, I7U?, which is almost entirely
publicly funded R&D and accounted for as a public production of investments in equipment’?.
The majority of public production is accounted for as government consumption of public goods

and services, GFUP, however.

Table 9.1 shows the input output matrix in MAKRO from a single year. The column in blue
sums to the value of government consumption PtGGt, while the row in red sums to the value of
public production before taxes, Pg{,bytYpuw. Their intersect, the cell in purple, is public
production for government consumption and makes up the majority of both public production

and government consumption.

Supply side

Public production, Ypyp ¢, is produced just as private sector goods are, in the sense that it uses

labor, capital equipment and structures, and intermediate inputs.

Most public services are not traded on a market, however, and therefore no market prices exist
in the data. The accounting price of public production is instead the average cost of
production rather than a market price. This is equivalent to saying that there are zero profits in

the public sector.

The default setting in MAKRO s that all factors of public production (labor, capital equipment
and structures, and intermediate inputs) are exogenous. The quantity of output produced is

endogenous, but only reacts to shocks to the production factors.

The total cost of public production is the sum of the value of the inputs into production:

NetY

y I R
Ppyp t YPub,t = Wippub,thpub,tPub,t + E Py pub. Ok Pubt—1 Kk pubt—1 + Poup i Rrubt + Tpgpy  (9-1)

k

where w;ppyb,thpub,tMPub,t IS the public sector payroll, and where following accounting

standards for the public sector, the cost of public capital is entirely accounted for as

72 Investments in research and development will likely be separated from investments in equipment in a future
version of MAKRO.
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Table 9.1
Input/output matrix

public [ - je Supply totals
Agriculture (lan) , 220 90,6

= Construction (byg) 67.0 8.6 37 07 33.6 3493
[=]
% Energy prov ision (ene) k] 6,5 39 492 00 00 0.4 10 89 903
-E Extraction (udv) n7 01 00 02 00 02 01 68 18,7
£ Housing (bol) 0,0 2263 00 00 0,1 226,4
= —
S Manufacturing (fre) 9,5 54,2 n 32 547 4462 7938
(-1}
-----------
Q  services, other (tie) L CIREER 157 129 2025 2552 - 96,9 3190
Shipping (soe) 188 10 00 22 02 2204 2429
Energy provision (ene) i 0.6 56 00 02 6,0 53.9
Extraction (udv) 106 00 0,0 01 0,0 10,5
Manufacturing (fre) 2401 74 13 323 21 1061 46 44 636 1793 6721
Services, other (tje) 3 184 00 36 152 23s EFE 64 208 6] 4654

DETELGRGIE1H 18291 2075 2479 481 69,9 3014 3412 236 [EEerd 2529 83 2655 12488 5489,5

2021 input/output table in current prices before taxes (bn. DKK). Columns representing demand for
exports and intermediate inputs have been aggregated. The red row is government production. The blue
column is government consumption.

DREAM - MAKRO 121



9.1.1

9.1.2

MAKRO Documentation
Public production

depreciation”®. Net production taxes and subsidies, T, are added explicitly rather than

being included in the payroll and cost of capital.

Given the total cost of public production, the issue is how to measure separately the quantity
of public output, Ypyp ¢, and its price P,};b_’t. In our model of the private sector we solve this
problem using a theory of production. This is materialized in a (CES) production function that
describes how the quantities of inputs are organized to generate units of output. The output
price is then a by-product of this theory and of profit maximization. For the public sector, we
generally do not apply a standard theory of production, but instead apply the input method.

Input method

We have separate measures of the price and quantity of each factor input in public production.
We can measure investment, capital stocks, employment, and quantities of intermediate inputs
used. From these, we create a Paasche price index of the underlying factor prices (set to 1 in
the base year) and a corresponding Laspeyres measure of the quantity, so that in addition to eq.
(9.1) we have

%
Ppubi—1YPub,t = VtWt—1PPub,t—11Pub tMPub,¢
(9.2)

I R Toub,t—1
+ 22k Prepub,t—10k Pubt—1 Kk pub,t—1 + Ppip 1 Bpub,t + 3005 = Youb,t

In the data, public employees are differentiated by educational attainment etc., and changes in
the average public wage may therefore reflect changes in the composition of public employees
rather than actual changes in wages for the individual public employee. E.g. the average public
wage increases if the share of highly educated workers increases, even if the wage pr. highly
educated worker remains constant. An additional exogenous term, -, is included with the
lagged wage to capture this effect in the baseline forecast. In addition, in years covered by
data, this term also captures differences between the input method and the national accounting
estimates of public production, which attempts to measure actual output (number of surgeries
etc.).™

Public employment

The expenditure on labor by the public sector consists of wages paid pr. hour, w:ppyp.+, times
hours pr. employee, hpyp ¢, times the number of employee, npyy +. Payroll taxes, TtL, are
disregarded here as they are transfers from the state to itself. The wage expenditure also

disregards vacancy posting costs as these are a component of the user cost of labor, which is

73 In years covered by data, we include residual terms in the depreciation rates and prices used to compute the
value of public capital depreciation in order to match the national accounts data. Public capital depreciation
would otherwise differ slightly from the national accounts data due to composition effects in the prices of capital
and investment which affect the chain indices used to calculate prices.

7 The chain index method of accounting for public production has the unfortunate feature that a shock which
leaves all factors of public production completely unchanged can still affect the Laspeyres measure of output
through price changes. For a transitory shock, the effect is negligible, but for a permanent shock the effect can
be difficult to ignore, as the effect accumulates over time. The problem also exists for other chain indices, but
is exacerbated here by the fact that capital and intermediate inputs generally follow productivity growth, while
hours worked do not. For shocks to the model, which do not affect any public sector factor of production, users
are therefore advised to also exogenize government consumption, G, rather than using eq. (9.2).
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not considered in the input method of accounting for the public sector. l.e. since we merely
measure costs, rather than apply a standard theory of production, it does not matter whether
the labor is spent as hiring costs or used in production. The hourly wage, w;ppub ¢, is detailed

in the labor market chapter.

Public employment in hours is exogenous by default in MAKRO. In the baseline forecast, the
ratio between public capital and output is fixed, as well as the ratio between the public payroll
and expenditure on intermediate purchases (we go into detail on these ratios below). With the
public K/Y and L/R ratios fixed in the baseline, public employment is determined residually
given a baseline demand for public production. The baseline demand for public production is

covered in section 9.2.

Public investments

Public investments as real quantities are exogenous by default in MAKRO, and it is up to the
user to shock public investments explicitly for a balanced shock to public production. Public

sector capital (equipment and structures) obeys the standard law of motion

K pubt = (1 — 0k pubt) Kk,pubt—1 + Lk pub.t

In the baseline forecast, public investments are determined residually as we forecast the public
sector capital stock directly. Public sector capital in current investment prices is forecasted as a
constant share, &%, of a weighed average of public and private sector gross value added. That

is, we add the restriction

PliKys = a5, (0.7 (P Yo — Poop  Reubst) + 0.3+ Xy)

where X, is a moving average of private sector value added. &%, is constant in the baseline
forecast, but is endogenous by default for shocks to the model as public investments are fixed.

New, direct, and indirect investments In addition to distinguishing between capital
structures and equipment, public investments are also classified in three other categories: new,
direct, and indirect investments. In this section we document how these categories are

allocated between equipment and structures and how we forecast these categories.

The majority of public investments are categorized as new investments, and we divide these
between both capital types with a share parameter, p}'°". Direct investments, which consist
almost entirely of publicly funded R&D are allocated to investments in equipment. Finally,
indirect investments are purchases of existing capital and are entirely allocated to structures. In

current prices, we have the following accounting identities:

public investments, = new investments; + direct investments; + indirect investments;
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public investment in structures, = p;“" - new investments, + indirect investments;

public investment in equipment, = (1 — u}®") - new investments; + direct investments;

Indirect investments are modeled as a constant share of aggregate gross value added

indirect investments, = ;"% . (PYY, — PF'R;)
Note that the separation between indirect and new investments is purely accounting and has no
effect on any behavior in MAKRO.

Direct investments are modeled as a fixed share of public production in real quantities.

. . Y Pub
direct investments; = Ppp, 4 - Hipre  YPub,t

New investments are determined residually, given total public investments.

Intermediate input purchases

The aggregate quantity of intermediate inputs used in public production is exogenous by
default in MAKRO.

Intermediate inputs in the public sector are sourced from many production sectors, both
domestic and foreign, in exactly the same way as other demand components and is covered in

the input/output chapter.

In the baseline forecast we assume a constant ratio, u%, between the public payroll and

expenditures on intermediate inputs:

LR _ WtPPub,tMPub,tTPub,¢
t R
PPub,tRPUt%t

For a generic shock to government consumption, the user can exogenize this ratio in order to
determine a proportional change in public sector intermediate purchases.
Demand for public production

Public production, Ypy ¢, is given in the input/output system as the sum of three demand
components: government consumption (of public services) GPUP, private consumption of public

services CP'", and public direct investments, IPub.

DREAM - MAKRO 124



9.2.1

9.2.2

MAKRO Documentation
Public production

YPub,t — Cfub + GtPUb + Ibe

As we assume that the same price (before taxes) is paid independent of how output is
consumed, this identity holds both for real quantities and in current prices.

Private consumption of public services and public direct investments

We model the private consumption of public services as proportional to government

consumption:

Pub Pub
Cc,g = /LC,L:E Gy

The underlying assumption is that the structure of public services are fixed, such that

co-payments remain a constant share except if the user shocks these structures explicitly.

Similarly, public direct investments (R&D) are a fixed share of public production:

Pub Pub
Ik,t = Mt Ypub,t

These two assumptions imply that public production is fixed except for shocks that affect the
government consumption, as opposed to moving endogenously with changes in private sector

demand through constant input/output shares.

Government consumption of public production

Total government consumption G is the sum of government consumption of public output plus

government consumption of private output, including imports (the blue column in table 9.1):

PEGy = PYpyy G + Private inputs = > (PE7 Yoot + PO M a.a)

S

The sourcing of government consumption from different sectors, domestic and foreign, works in
exactly the same way as other demand components and is covered in the input/output chapter.
Given a desired total government consumption, the input/output system delivers a demand for
public production, or vice versa given a total public production, we can calculate total

government consumption as a residual.

As all factors of production are fixed by default, the supply of public production Yp,, ; is also
effectively fixed, and the demand for government consumption is determined residually.
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9.2.3 Baseline government consumption

We decompose the costs of government consumption in two parts: the depreciation costs of

capital and the remainder:

el I G NG
PGy = E Opub, k.t Ppub, .t KPub k.t + 1y Ny prwe
%

In the baseline, the remainder (government consumption net of depreciations), follow a fixed
government service level parameter, &, times an exogenous demographics based index of
demand of government services, N, and finally the average wage p; - w; pr. hour, in line with
the forecast methodology of the Ministry of Finance. The demographics index is an important
exogenous input to the model baseline and based on more detailed demographic projections

(befolkningsregnskab).
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Table 9.2
Public production variables

Documentation Code Definition

Youb.t qY[ off’ t] Public production

hpub,tPub,t hL[ off",t] Public sector employment in hours worked

K pubt gK[k, off" ] Public sector capital of type k, ultimo

Rpup ¢ qR['off",t] Intermediate inputs to public production

en qG['g',t] = qG[gTot,t] Government consumption

GPub qlO['g’,"off" ] Inputs from public production to government consumption
CPub qlO['cTje', off" 1] Inputs from public production to private consumption of services
IPub qlO['iM’, off" 1] Inputs from public production to capital equipment

Ok, Pub,t rAfskr[k, off",t] Depreciation rate of public capital of type k

PPub,t qProd[ off" ] Labor units pr. hour in public sector

Tk pub,t ql_s[k, off",t] Public sector investments of type k

Ya st qlOy['g’,s.1] Domestic inputs from sector s to government consumption
Mg s+ qlOm(['g',s,t] Imports from sector s to government consumption

Pops pY[off' t] Deflator for public production

wy pW[t] Wage per unit of productive labor

P,ipub,t pl_s[k, off",t] Deflator for public sector investments of type k

P;ﬁb,t pR["off" 1] Deflator for intermediate inputs to public production

PE pGlgTot,t] Deflator for government consumption.

Pg;)t plOy['g’ s,t] Price of domestic deliveries from s to 'g’ including taxes
Pg{;t plOm['g’,s t] Price of imported deliveries from s to ‘g’ including taxes
Ty vtNetY['off’ ] Value of net production taxes in public production

9.3 Appendices - Public Production

9.3.1 Productivity Growth

It is assumed the there is no labor augmenting technological progress in the public sector. A
simple way to understand the consequences of this fact is to work as if public production
happened through a Cobb-Douglas production function with inputs (K3, Ky, L, R):

K K L
Y = K0 Ko (ALy)™ Re"

In such a case the price would be the variable recovered through the zero profit condition, and

this price would be

DREAM - MAKRO 127



MAKRO Documentation
Public production

K "‘l})( ok ol ot
p—aget (Tor) " (Pme) " (RN (BE
‘ k ak ak al alt

On a balanced growth path all input prices or user costs grow with the inflation rate, except for

the user cost of labor, which increases with the inflation rate plus the Harrod neutral growth

rate g¢. This implies for a Cobb-Douglas output price:

Py
Py

OLL

(1+g¢)
It is, however, assumed that there is no productivity growth in the public sector. This implies

that its price will grow with a higher rate, namely

it
P tO— 1

= (14 m)f onre” <<1+><1+gs>> " :

T 1+7)(1+ gg)a
where the contribution of the growth rate of technology on the labor price is weighed by the

labor share.

This is captured in the price index of public production by adding the growth of technology in
the denominator as follows

Zie(b,m) PiI,tKiyt + PtRRt + (PtL//A{) (%Lt)

P} =P, Pl K, + PR Ry + (PE JA,_|) (AL
Sicwm) Plio1Kie + PR Ry + (PEy /A1) (A Ly)

and this works in the desired way because the technology factor grows at a constant rate in all

sectors except for the public sector where it is constant.
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Government

This chapter provides an overview of government revenues and expenditures. Several items on
the expenditure side of the balance sheet are exogenous or obey exogenous relationships, such
as fixed ratios to population or GDP. The same is true on the revenue side, as much of this side

of the balance sheet amounts to determining the realized average tax rate on a particular item.

A couple of basic relationships are helpful to put forward here. First, the government budget

surplus is the primary budget surplus plus net interest income,

Surplus = Primary Surplus 4+ Net Interests

and the primary surplus is the difference between revenues and expenditures (other than

interest payments).

Primary Surplus = Revenues - Expenditures

Revenues and expenditures are described in the next two sections. Section 10.3 accounts for
net interests, and finally, after detailing the balance sheet, we define the fiscal sustainability

indicator in section 10.4.

Revenue

Government revenue is the sum of direct taxation, indirect taxation and other government

revenues:

Revenues = Tt _ r]vtDzrect + r]vtlndzrect + jwtOther

Direct taxes comprise around 60% of total tax revenues and are described in subsection 10.1.1,
which covers many aspects of the Danish income tax system. Indirect taxes consist mainly of
duties, VAT, and production taxes, as described in subsection 10.1.3. Indirect taxes make up

around 30% of tax revenues. The remaining taxes are described in subsection 10.1.4.

Regarding notation, the letter y stands for income and appears in different objects, tax rates
are denoted by 7, and tax revenues are given by the capital letter T'. For example, the
sector-specific corporate tax rate is called Tgfw and brings in the total revenue Tftorp. Tax
rates in the text, 7, correspond to tax rates in the code t x f, where f is an adjustment
variable to fit the data. These adjustments help match observed average tax rates, given the
rate determined in the tax law. The adjustment factor is sometimes unnecessary and set to 1.
Tax rates and adjustment factors are typically exogenous in MAKRO - if not it is explicitly

mentioned.

Where applicable, variables such as T/™°™¢ represent sums over all cohorts, while
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corresponding variables with an age subscript, T;}Come, represent cohort averages. The two

: Income __ Income 75
variables are related by T7 = 0 NatT, ' .

Direct taxes

Direct taxation is modeled closely after the Danish income tax law.”® Economic and
demographic movements affect the tax burden such that the relationship between direct
taxation and the total income level is not constant, and therefore we need a flexible modeling

of the tax system.

Direct taxes consist of income taxes T//"¢°™¢, |abor market contributions (AM bidrag)”", TAM,
corporate taxation, thm'p, taxation on the return on investments in pension funds, T/AF,

: : Weight . _
weight duties on cars, T, “7"*, and other personal income taxation, T}/ ¢rsfest.

; C PA
TtDzrect _ Ttlncome TtAM 4 Tt orp + Tt L
Weight P R
Tt elg Tt ersRest

Income tax revenues are given by

. M i Equi T
TtIncome — Tt uncipal +TtBot +Tt quity +Tt op

Propert 1
+Tt perty + TtBuSlness + TtDeceased

where the components are local (municipal) income taxes, income taxes from the bottom
income bracket, taxes on capital income from equity, income from the top income bracket,
property taxes, taxes on small businesses that do not pay corporate tax, and taxes on the
deceased (as households can still have income subject to taxation in the year they die). All

these revenues are calculated for each cohort of households.

The municipal tax, bottom bracket tax, and top bracket tax revenues are given by:

Muncipal _ _Muncipal [ Taxable Personal
T, (y - ALaﬂf )

a,t - Ta,t a,t

Bot __ _Bot Personal NetCap™ Personal
T, =7 (ya,t + Yot — ALy

Top __ _Top Personal NetCap™t Top
Ta,t =T (ya,t + Yo Qg

Tazable

The municipal tax is based on taxable income, y, § , while the bottom and top bracket taxes

Personal

are based on personal income, y, ¢ , plus positive™ net income from bonds and deposits,

7> The only exceptions for tax revenues in this chapter are the taxes on the deceased and property tax. However,
it does not apply in general as, in some cases, the base is the start-of-year population, and the flow of the deceased
needs to be accounted for.

76 See http://www.skm.dk/skattetal /beregning/skatteberegning/skatteberegning-hovedtraekkene-i-
personbeskatningen-2017

7T AM Bidrag is a tax of 8%, which all employees and the self-employed must pay each month on their wages.
Employers ensure that the labor market contribution is automatically deducted from salary after ATP and any
own pension contribution have been deducted, after which the other taxes are deducted.

78 Positive means that the net income form bonds and deposits is conditional on being positive and above a
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NetCap™
a,t

municipal and the bottom bracket taxes, a personal allowance, ALi?SO”“Z, is subtracted from

. Only income above a certain threshold is taxed at the 3 relevant tax rates. For the

the base. For top bracket taxes, aanZp controls the share of personal income effectively taxed at

the top rate. The income terms and allowances are described in detail in subsection 10.1.2.

The taxes on income generated by financial stocks are given by:

> icEquity Aia—1,t-1

Equity _ _Equity Div Gains vAccGains
T, Nop =1 it Aia—1-1+ oy Cf > vy Sa—1,t—1Na—1,t—1
v 1€Equity VT - i€Equity “1t,t—1 —
Revenue from survivors Aggregate capital gains Surviving population
Dividends (pr. household) Household share of total

where A; , + is the households financial assets of type i, here either domestic or foreign equities.
Both dividends and realized capital gains are subject to taxes on equity income. Only the
surviving population pays regular equity taxes, as the deceased are instead taxed through a

special tax on the deceased.

Unrealized capital gains are a stock, C{A°°G%"s  of accumulated gains and losses from price
changes on assets which have not yet been realized and taxed. We model the realization of
these gains as a fixed share, af‘””s, of the unrealized stock. The law of motion of the

unrealized-capital-gains stock is

AccGains AccGains Gains ~AccGains Reval
Ci =07 — a7 + E rig o Aie-1

i1€Equity

where 7[7ve! is the price change of asset i.”® This formulation implies that capital gains are

gradually taxed with an average realization time depending on a&*"*,

Property taxes follow the value of the start-of-period stock of owner-occupied housing,

80
Dg_1,4—1:

TPropertyNai _ TtPropertyD

a,t = a—1,t—15a—1,t—1Na—1,t—1

The business tax follows earnings before taxes, FBT;. It is distributed among cohorts
according to their wage income assuming that business income is distributed as wage income:

Wt

t

ngu,szness _ TtBusznessEijt

where W, ; denotes the wages per person paid to the households of age a and W is the total

certain level.

7 A revaluation is a capital gain that is not realized (where assets change prices but are not traded). A capital
gain occurs when the asset is traded.

80 Note that in the current version of MAKRO Ttpmpe”y = T(fZOPETtyNa,t +

TP D 1y 1 (1= sa-1,0-1) Na—1,0-1 = 2 7 P Dy 1,1 1Na—1,0-1. That is property taxes on
the deceased (not a part of taxes on the deceased) must also be paid. These are paid through lower inheritance.
This will be changed in a future version of MAKRO.
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of the cohort.8!

Taxation of the deceased primarily consists of taxes on capital income of the deceased. It

follows the base for equity taxes and other capital income for those that do not survive:

> icEquity Aia—1,t-1
Zie Equity Aiatfl

TaDteath _ Death Dividends Capital gains

Tt NetC'apJr Interest
+Tat Z Tt Aja—1,6-1

i€Bonds & Deposits

Div Gains vAccGains
E Tit Aia—1-1+ oy Ci

1€Equity

Interests

The first two terms of the base refer to equity taxes, and the last refers to positive net capital
income, which is described in the subsection “Income terms and allowances”. The aggregate

revenue from taxes on the deceased is given by:

Death Death
T, = E T (1= sa—1,4-1) Na—14-1

a

Labor market contributions (AM Bidrag) are modeled as:

CivilServants
AM AM Wt — Tt
Ta,t =T Wa,t ( )

Wi

They depend on the tax rate and on wages per person (not per employee) adjusted for pension

contributions to civil servants’ pensions.82

Corporate taxes are given by:

TtCorp _ § : Tgtorpl‘ + TtNorthSea

s€Private

which is the sum of corporate tax revenue from the private sectors, Tgtorm, plus a tax for oil
and gas extraction in the North Sea, T/VorthSea  The corporate tax excluding extraction is

levied on earnings before taxes, EBT; :

Corpxr __ _Corp
T, =71, "EBTg,

while tax revenues from oil and gas extraction is based on earnings before taxes, interests, and

depreciations in the extraction sector and given by:

NorthS CorpNorth
Tt orthoes — Tt EBITDASEExtraction,t

e e e
Pa,tPa tPa Wt
Nt

81 |n the notation of the labor market chapter it is defined as Wy : =

> pi,thz,tng,twt'
82 The last term is modifying the age dependent wage to be net of civil servants’ contribution. This is modeled
with the extra term as this contribution is not age dependent.

and Wo .t =3, Wa,tNayt =
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Pension funds pay tax on the return on their financial assets (interest on bonds, dividends and

capital gains on stocks):

PAL _ _PAL Interest Reval .
T; =T E (Ti,t T ) Aiia
i€Pensions

where the rate of return is the sum of interests (including dividends), 77#t¢rest and

1‘7

revaluations, rff”al, of the pension portfolio.
The weight charge on cars, T:Zeight, is calculated per person by an implicit tax rate times the

stock of privately owned cars, Cars;, distributed by age according to non-housing consumption,
Ca t:83

a,t

Weight __Weight
T, " =7 " Cars;

t

Finally, other (residual) personal income taxes are given by the tax on income received from
capital pensions, and a further term divided according to personal income times an implicit tax

rate:

PersRest __ _CapPension_ PY Personal _PRNCP
Ta,t =T 'pEeCapital pension,a,t + ya,t Tt

where tax on income received from capital pensions is given by a fixed rate times the pension

income from capital pensions, yfgcé‘pital Pension.a.t-

Income terms and allowances

Personal income is given by:

Wt
_ 5 AM GTax PY cP Personal Rest
- N . 7Ta,t +ya,t +ypETa><abIe excl. capital pension,a,tiypETaxable incl. capital pension,a,t+ya,t
a,
L . W s . 0.
which is wage income per person, >, excluding labor market contributions, TAM plus
a,t 5

taxable income transfers, yftT“x defined below in the section on government expenses, plus
. . . . . . PY .
(received) pension income subject to income taxation, Y, JT..able excl. capital pension,a,¢ MiNUS
: : : cpP 84
pension payments to the two tax-deductible types of pensions, y =1, able incl. capital pension,a.t-
Pensions are discussed in the household chapter. Finally a residual item, yif“""“m“t, ensures

that personal income by age matches administrative data.

NetCapital

Taxable income adds net capital income, v, ; , and subtracts a number of allowances

(AL) defined below:

83 To make the model more consistent we could have age specific car stocks. Then the distribution of weight
tax on age could be consistent to the prior car consumption by age. As we do not have car consumption divided
by age we assume it to be proportional to overall consumption, thus sparing the extra book keeping by age, and
distribute the tax according to non-housing consumption.

84 Income received from capital pensions is not taxed as personal income, but with an independent tax rate.
Payments into capital pensions are tax deductible.
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Taxable __ . Personal NetCapital EITC Unemp FEarlyRet Other
Ya,t = Ya,t + Ya,t - ALa,t - ALa,t - ALa,t - ALa,t

Net Capital Income of an average person of age a is the difference

NetCapital __ Capt Cap™
a,t - ya,t — Ya,t

where positive capital income is the return on household nominal deposits and bonds

> icBonds & Deposits rinterest A, . and negative capital income consists of interest payments on
H interest
nominal bank debt and mortgage debt ;.. o Mortgages "i.1 L.

Positive and negative capital income is given by:

Capt _ Interest
Ya,t Nop = E Tt Ai,af1,t715a71,t71Na71,t71
N——— —

i1€Bonds & Deposits

Income to survivors Surviving population

Interests
Cap™ _ Interest
Yot Nap = E T Lja-1t-18a—1,t—1Na—1,t—1
—— . |y —
€Debt & Mortgages . R
Payments by survivors ! &8 Surviving population
Interests

where A; . and L; 4, are the households’ financial assets and liabilities of type ¢ and j. The
deceased do not pay regular income taxes on capital income. These are instead part of taxes on
the deceased.

All capital income is part of taxable income and enters the tax base for municipal taxation.
However, only positive net capital income (above a certain threshold, yﬁftcamml >y >0)is

part of the tax base for bottom and top taxation®:

NetCapt Capt

NetCap™ _ ( NetCapital
- a,t a,t

a,t ya,t > g > O) =T

The potential personal allowance is the same for every (adult) person and follows the wage
indexation of transfers (satsregulering, s;“Y, described in subsection 10.1.3). The actual
average personal allowance used is, however, not the same for all cohorts as some (few)

persons do not have any income®:

Personal __ _reg jyPersonal
ALa,t =5 ALa,t

—r Personal
where ALGEMO"Q is set to match data.

The earned income tax credit (Beskaftigelsesfradrag, EITC) is an allowance for people in
employment. It is a percentage of income up until a limit. It has the properties of a negative
marginal tax for people with low income and a negative lump sum tax for people with high

income. It is treated as a negative marginal tax, but with a tax rate equaling the average

. . . +
85 We are looking at micro data for an accurate measure and until then we set rivftcap =0.5.

86 The personal allowance can be used by a spouse if a person has no income (and is married). This effect is
not captured in the model.
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relative allowance. It could be distributed on age groups according to administrative data, but
in this model version it is assumed to be the same for all age groups. This means the total tax

credit can be calculated as the average allowance rate times wages:

ALaEITC — TtE'ITCW ,

The allowance for contribution to unemployment insurance, AL({?emp, is proportional to the

contributions paid towards unemployment insurance.®”:

Contg

A2CUnempcontUnemp
Cont,

ALUpemy
and similarly, the allowance for contribution to early retirement (Efterlgn), ALE“””REt is

proportional to contributions toward early retirement:

Contg

ALEarlyRet —
Cont,

AQCEaT'lyRet ContEarlyRet

t
We have data for ALY and Cont!™*™". The age decomposition follows the age
distribution from total contributions (as only total contributions, Cont, ;, have an age

distribution), which is simply proportional to wage income by age.
Other allowances include allowances for transport, clothes etc. These are primarily related to
employment and therefore modeled as a function of the employment rate by age:

e
Other reg ng,

ALJ = ALy
* Na,t

Other

where AL, is exogenous and set to match data.

Indirect taxation

The tax revenue from indirect taxes consist of the revenues from value added taxes, TVAT,

excise duties, TD“ty duties from car sales (registreringsafgift), 7, Y, production taxes,
T[Preduction ' and the difference between customs taxes (taxes on |mported goods), T, and
indirect taxes to the EU, TtEU.

Ttlndirect — TtVAT + TtDUty 4 TtReg + TtProduction + TtCus _ TtEU

Value added taxes, excise duties, and customs are all taxes on demand inputs from the

production sectors. Customs are added first, but only to imports:

Cus __ Cus pM
T, = E E Td,s,tPs,th7S;t
d s

87 Allowances include contributions and administration cost. Therefore the ratios of allowance to contribution
AZC’tU"emp and A2C’tEaNyRet can be above 1.
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where Tdcgi is the exogenous custom rate, M, 5+ are imports from sector s to demand group d,

and P% is the corresponding price. Excise duties are added on top of customs:

Dut DutyY pY DutyM e} M
T, = Z Z [Td,su,ty P Yast+ oot (1+75%) Ps,tMCLS,t}
d s
where TdD;‘iyY and TdDgin are the exogenous duty rates, Yy s ; is domestic input from sector s
to demand group d, and P;/t is the corresponding price. Value added taxes are added on top of
duties (except those from car sales) and subsidies:

VATY DutyY Y Y
Td,s,t (1+Td7s,t St ) PoiYast

TVAT = Z Z

tor [ A (L e = i) (1 7 ) PM Mo
where s}is)t and sg){m are exogenous subsidy rates. Note that duty and VAT rates vary for
imported and domestic inputs. The tax structure does not allow for such discrimination. It is a
product of aggregation as imported and domestic inputs have different composition and hence
different aggregate tax rates even on input/output cell level.

Duties from car sales are added after VAT and are modeled as:

Reg VATY DutyY Y Y
Td,st <]‘ + Td,st ) (]‘ + Td,st — Sd,st Ps,tYd,Syt

Reg __
T, =

,8,t

d s Reg VATM DutyM M Cus\ pM
Tt (1 R ) (1 + 7y - sd,s,t) (1 + Td,s,t) P Mas 1

where the exogenous implicit car duty rates Tf:gt are 0 for all but three demand components:

Private consumption of cars, investments in equipment, and government consumption.

Production taxes are taxes on the production input (labor, capital and materials) of firms.

They are sector specific and consist of taxes on land (grundskyld), Tsft“"d, weight charges on

FirmWeight Payroll o I
cars, T, ;"™ 9" payroll taxes, Ts’taym , taxes related to firm's contribution to workers

education, TFrmEdu and a small sum of other production taxes, 7.7y oductioniest.

Production __ Land FirmW eight Payroll FirmEdu ProductionRest
T, =3 (w4l PR MR i

S
The tax on land is modeled as:
Land __ _Land pl
Te,t - Ts,t ]Di,B,s,tKtisyt—l

With an exogenous tax rate, we assume that the tax base for land value follows the
replacement value of structures capital in the relevant sector, Pl . Kip s t—1.
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Both the payroll tax and the education contributions are proportional to payrolls:2®

Payroll

Payroll
Te,t = Ts,t ! PayTOllS,t
FirmEdu _ _FirmEdu
TS’t =Tt - Payroll

The residual production taxes follow gross value added in each sector:

TftroductzonRest —_ TPTOdUthnREStGVAS7t

s,t

Indirect taxes to the EU is not exactly equal to customs so a correction factor is added:®°

EU __ ¢TCus Cus
= = T

Other government revenues

Other revenues are as follows:

TtOther _ TtBequest + Tté + C’ontt + TtForezgnCap

+TtF0reignEU + TtForeignRest + TtHh

_,’_Tthrms + TtChu'r'ch + TtLandRent + TtGoszrms

Bequest taxes (arveafgift) follow the bequest amount, T;7¢74s? — pBeauest

Bequest

- Beq,, where
is the implicit tax rate and Beg; is the sum of bequests described in the household
chapter.

Revenues from the depreciation of government capital 77 are discussed in the chapter on
government production and consist of depreciation allowances paid by the government to itself.
They are included here as revenue, while on the expenditure side they are a part of government
consumption. On the public production side depreciation is counted as a cost. The public

sector gets the money back here, however so the actual capital expense is the investment.

Contributions to social programs (Bidrag til sociale ordninger) Cont;, sums a list of different

specific payments to the state:

CO?’ltt _ Conti]neﬂw 4 OonttszlServants + C'om‘t arlyRet
_i_ConttFTeeRest 4 ContiWandatory

All these contributions follow the labor force through a relation of the form:%

88 The payrolls are given by: Payrolls; = <1 — Aiil'fEmp) weps,ths,tns ¢, Where )\fjlemp is the exogenous
share of self-employed in sector s. For notation on other parameters refer to labor market chapter.

89 We have almost exactly TC"s = TFU.

9% The labor force in MAKRO is a sum of people in socio-economic groups in the labor force
ZsocELabor Force Msoc,t Plus foreign worker. The number of people in socio-economic groups depends mechanically

on employment and population as described under transfers in the expenditure section of this chapter.
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COﬂtX _ ,uX . nLabForce
t T Mt t
with contribution rate ;;X.°2 The index X contains contributions to early retirement, other

voluntary contributions (gvrige frivillige bidrag), mandatory contributions (obligatoriske bidrag),

and contributions to civil servant pensions (bidrag til tjenestemandspension).

Transfers to the government are divided into foreign capital transfers, T/ °"**9"““? 'non-capital
foreign transfers from the EU, T;7"“9"EU  other foreign transfers, T}7 ° 9"t transfers

from households, TtHh, transfers from firms, TtF””’”s, and transfers from publicly owned firms,
GovFirms
T, :

All these transfers are all calibrated to match their respective shares of GDP:

T = o;*GDP,
with X € {ForeignCap, ForeignEU, ForeignRest, Hh, Firms, GovFirms}.

Tax revenue from the church tax follows the same tax base as municipal taxation and is (at a

personal level) given by:

Church __ _Church, TChurch Tazxzable PA
Ta,t =T Ty (ya,t “Yart )

TChurch
t

where r are the share of tax-payers that pay church-taxes.

The land rent, TFemdEent depends on the gross value added in the extraction sector, and is

given by:

LandRent LandRent
Tt =T : GVAeztraction,t

Expenditures

Total government expenditures, Fxp$, are the sum of expenditures on government
consumption, PtGGt, income transfers, T'R;, value of investments, ", PkI pub.t 1%,Pub, ¢

subsidies, Sub;, and other expenses, Exp?th”:

Expenditures = Exp® = PG, + TR, + ZPICI,Pub,tIk,PUb,t + Sub, + ExpQther
k

The largest expense categories are government consumption and income transfers. In 2021

these two posts were respectively 49 and 32 percent of government expenditures.

Government consumption, Gy, and investments, Iy, pyp ¢, are exogenous. The prices of these

are, as usual for demand prices, given by the output prices from the sectors delivering inputs

plus indirect taxes.%?

91 This rate follows the regulation rate of public transfers (sats-regulering) as explained under public expenditures.
92 Expenditures on government consumption and investments depend on the endogenous output prices, where
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Further details of government investments and capital stocks are given in the chapter on public

production.

Income transfers, subsidies and other expenses are described in the rest of this section.

Income transfers

Government income transfers are the sum of many different types®3:

TR, =» TR;,
J

Every type of income transfer j is determined as a rate per person in million DKK times a

number of recipients in thousand persons:®*

TRj)t = Ratew c Nyt
Rates follow the wage index, s;/, (satsregulering) °°:

. _ ,,Rate reg
Ratejt = pjy" sy

Rate

where ;7" is a calibrated parameter.

The wage index is based on the average wage per worker with a two year lag:
ST — gred Wt—2/n§—2
t o = S
Wis/ni_3

The number of recipients is based on an exogenous mapplngan"J from socio-economic groups®®

contained in the demographic projection (befolkningsregnskab) to the income transfer type:

(')nj
Nt = on MNsoc,t
soc soc

exogenous

. on; . ) . : . .

The mapping 5" is a j X soc matrix. In most cases this matrix only has diagonal elements -
Nsoc

i.e. one socio-economic group receives one type of transfer. In several cases, however, more

than one socio-economic group receives the same transfer type, for example employed and

unemployed students both receive student benefits. Also, the base for some transfers is all

the public sector weighs the most. The public sector’s output price follows its production costs, which are mainly

wages. So expenditures on government consumption and investments follow the wage level relatively close even

though not one to one.

93 |n the current model version there are 36 different income transfers: 12 types of unemployment compensation,

7 types of pension and 17 other including student aid, support for housing, children etc.

94 |t is necessary to include an adjustment term in order to calibrate the model as in some years transfers have

been paid even though the base is zero. This is probably due to corrections in transfers paid from the year before.

The numbers are, however, very small and in projections this adjustment term is set to zero and not used.

9 The only exception is the j = Green Check, which just consists of a constant value Rategreen Check,t =
Rate

HGreen Check,t "

9 In the current model version there are 52 different socio-economic groups. The employed are divided into 19

groups, the unemployed into 11 groups, leaving 22 groups for people outside the labor market.
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people of age 18 and above. In a few cases the socio-economic groups are divided between two
transfer groups where they are not the only recipients. This makes it necessary to have

coefficients between one and zero in a few cells.

The number of persons in the different socio-economic groups changes with employment.
When employment increases by 1.000 persons groups, that make up employment increase by
1.000 persons, and the groups which make up non-employment decrease by the same 1.000

persons. The specific allocation follows the deviation from structural employment:

ansoc,t

on§
——

exogenous

— n* e ex
Nsoc,t = nsoc,t + (nt — Ny )

where n¢ is total employment (excluding non-resident workers) and ng* is the equivalent

structural employment. The factor 8%;”? is the marginal effect from deviations of employment
t

relative to its structural level on the composition of the different population groups

*

soc,t 15 the structural number of persons in the

(socio-economic, index soc).®” The object n

socio-economic group soc.

Age distribution of income transfers

The previous section covered income transfers by the type of income transfer, j. The total of
these income transfers to households is > Tth. We now look at how these transfers are

distributed among households of different ages.

To keep the model tractable, we do not model each type of transfer by age endogenously.
Instead, we model only the total transfers received by age, yf,t. Total transfers by age must of
course match total transfers by transfer type; that is

> YNy =Y TR,
a J

In the baseline forecast, we do however, utilize a full demographic forecast by age and
socio-economic group, Msec,q,t- In the baseline, we generally assume that the rate received for a
particular income transfer is independent of age, but that the share of recipients varies greatly

by age. We can denote the full transfer matrix each period by age and type of transfer as yjcfa,t.

The total income transfer received by an individual is

97 The marginal effects are measured empirically by the Ministry of Finance using correlations with the employ-
ment gap. This is described in more detail in the working paper: “Fordeling af aendringer i beskaftigelsen pa
sociogkonomiske grupper” published on www.fm.dk.
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on; TL ¢
— Z Rate]ﬂ: Z o Uty Thsoc,ant
soc

soc (l &

exogenous

For marginal shocks to the model, we model the row and column totals of the yfaﬂf matrix,
but leave the agextransfer cells unspecified. As already stated, we do this in order to keep the

model tractable.

Specifically, we model ¢, as

_ yf ”Zt Ay’ GOth
. + + er
ya t— ante aN N“a ,t ya ,t
here 2% and 2% d d depend on Rate,; and 1’5 is a calibrated
where - an are endogenous and depend on Rate;¢ and p is a calibrated parameter.
The term yGOth” contains age-specific transfers that are not included in the mapping from

socio-economic groups (j € {Child-base, Adult-base} described above).

. . c’)y? Dyf; . i
The endogenous derivatives, S and 5N, are given by:
¢ :

oy on,¢
ZIt Rate. e
ong ZJ: it ong

on;  ONgoe
_Z{Rate”z on., a;e’t}
soc Rio_c/ \ t ,

€X0genous  exogenous

and

oy on;y
=L =) Ratej;—=
oN; = 2 ateiigy

soc

on;  ONsoct
= Z {Ratej,t Z an J 731\@ }
j soc

€XO0genous  exogenous

o ONsoc,t OMsoc,t
where the derivatives %‘ne" and Z,N £ are exogenous when we shock the model. We covered
t

MNsoc,t

the estimated relation aa‘T; in the previous section. We calibrate the residual
t

nioc t

to
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match an exogenous baseline forecast of structural socio-economic groups, such that

8n§OC t a77450(' t
n:oc,t = a eﬂ Tlf* + 78]\[47 N,
Ny t
——— ———
exogenous exogenous

When analyzing effects of structural reforms which directly affect the number of transfer

recipients (for example reforms regarding pension and education), users can directly specify the

* 8nsuc,t

expected change in structural socio-economic groups n},., = Y, M ..+ and calculate N

residually to match the change.

Not all government income transfers are subject to income taxes. The set of non-taxed

transfers is a subset of the index j used above - let us call it j~:
TRiVonTaw _ Z TRj—)t
=

This is distributed by age according to a exogenous distribution, a§} "7

GNonTax _ _GNonTax NonTax
Ya,t = Qg TR,

where > aGNonTer N, =1 such that ), ySNonTer N, y = TRN°"T* and taxable transfers

are given by

GTax _ G GNonTazx
ya,t - ya,t - ya,t

Subsidies

Government subsidies are subsidies for products and production minus subsidies financed by the
EU:

S’U,bt — Subfroduct + SubtProduction o SuthU

Product subsidies are added simultaneously with excise duties after customs. The expense is

modeled as:

Product § § : Y Y M C M
S’U,bt roauct __ [Sd,s,tps,tyd,syt + sd,s,t (1 + Td,:j) Ps,t Md,s,t]
d s

For notation, refer to subsection 10.1.3 on indirect taxes above.

Production subsidies are sector specific and related to firm production:

) w .
Subf"roductwn — E §57tagepay7’0lls,t + E C;?{OdUCtzonReStGVAS,t
s s
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7% . . . .
where ¢,%9¢ and ¢FroductionRest 5re axogenous effective subsidy rates and GV A, ; is gross
s,t s,t s

value added by sector s.

Subsidies financed by the EU are exogenous in MAKRO.

10.2.4 Other expenses

Other expenses consist of government land purchases and non-income transfers to abroad,

households and domestic firms:

Exp?ther — E‘,EptLand +E$pfOT6ign _’_Exp{{h + ExptFirms

The non-income transfers to abroad are divided into sub-categories:

Empf‘oreign _ ExpforignC’ap _’_Expf‘oreignVAT _’_Expf'oreignGNI _’_ExptForeignEU

+ExptForignFO + ExptForeignGL + Expf'oreignAid

where Expl 9" are capital transfers, Expl "V AT are VAT contributions to the EU,

ForeignGNI . I ForeignEU
Exp, 9" are gross net income contributions to the EU, Exp, “"“"9"*" are other

ForeignF O ForeignGL a

transfers to the EU, Exp; are transfers to the Faroe Islands, Exp; re

ForeignAid , o
transfers to Greenland and Exp; “"“"9"“"“ are transfers given as foreign aid.

The non-income transfers to the households are also divided into sub-categories:

E:L‘pflh _ E:L‘pf[hcap +Ewl,prhNPISH +Exp§{hlndez + ExptHhRest

where Exp" are capital transfers, ExpHhNPISH are transfers to NPISH (Non-Profit

Organizations Serving Households), ExpffIn@e® are transfers to households via index

supplements to pension schemes, and Expl’"%¢st are other residual transfers to households.

All the non-income transfers mentioned in this sub-section are exogenous in MAKRO.

10.3 Net interest income and government net wealth

Net interest income consists of earned interest income from government assets, AS, |, minus

paid interests on government liabilities, L, ; :

_ G _ G Interest Interest 1 G
Net Interests = Netint, = E A ariy — E il L7y 4
i J

where rl{?te’”“t is interest for bonds and deposits and dividends for equity.

Government assets are exogenous and consist of bonds, deposits, and equity (almost exclusively
domestic). Government liabilities consist only of bonds (divided between real estate bonds and
other bonds) and are endogenously given by the government net wealth:
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WtG = AtG—I - LtG—l

The net wealth is given by the government budget:%®

7

WtG = Wﬁl + T — EacptG + Net]nttG + Z Aftflrff““l — Z Lthlrff”“l
i J

Budget
Revaluations
where rfi¢val is revaluation of rate of assets and liabilities where rft¢turn — plnterest 4 . Reval

It should be noted that since government assets are exogenous and only government liabilities
of bonds are endogenous, the marginal government interest rate is that of bonds.

The fiscal sustainability indicator

The fiscal sustainability indicator, in the model called HBI (holdbarhedsindikator), is equal to
the net present value of all future government revenues minus expenditures relative to the net
present value of future GDP.

Sy 4+ Oy — RMem9mal L (1 4 1)) x GovNetAssets,_1

HBI; = %
t

In this formula, GovNetAssets;_1 is the value of government net financial assets. S;, Oy,
RMearginal “3nd Y, represent the respective net present values of the primary balance, public
revaluations, interest margin, and GDP for all future periods. These values are determined by

the following forward-looking difference equations:

. Sir1 — .
S, =P Bal = E I's_ P Bal s
t rimBalance; + T 2 1 X PrimBalance

Ot 41 -
O, = PubReval; + T — ; I's_; x PubReval,

) RMarginal oo
Rz\/largznal = IntMarg; + % ( er—l X IntMargs>
Tt
s=t

Y oo
Y, = GDP, + —+* <_ > rax GDPS>
s=t

Where PrimBalance; is the primary balance, PubReval, is the public revaluation, IntMarg;
is the interest margin, and GDP; is the gross domestic product. The discount factor I'; is
given by the backward looking difference equation:

98 The equation is the code also includes corrections for net government wealth defined in national accounts vs.
statistics on public finances.
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1

Ft:
1+’I"t

iy

In the terminal period (currently set to 2130) stationary state is assumed such that:

S
St = PrimBalancer + T
1+7rp
Or
Or = PubReval
T ubRevalr + 1+rr
] Marginal
Ry‘"gmal = IntMargr + 7? gy
T
Yr
Yr = GDP.
T T+ 1+rp
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